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Abstract—This paper investigates the probabilistic connectivity
of the Wireless Underground Sensor Networks (WUSNs). Due
to the unique channel characteristics and the heterogeneous
network architecture of the WUSNs, the connectivity analysis
is much more complicated than in the terrestrial wireless sensor
networks and ad hoc networks. To our knowledge, this connectiv-
ity problem in WUSNs was not addressed before. In this paper,
a mathematical model is developed to analyze the probabilistic
connectivity in WUSNs, which captures the effects of environmen-
tal parameters such as the soil moisture and soil composition,
and system parameters such as the operating frequency, the
sensor burial depth, the sink antenna height, the density of
the sensor devices, the tolerable latency of the networks, and
the number and the mobility of the above-ground sinks. The
lower and upper bounds for the connectivity probability are
derived analytically. Simulation studies are performed, where
the theoretical bounds are validated, and the effects of several
environmental and system parameters on the performance of
these networks are investigated.

I. Introduction

Wireless Underground Sensor Networks (WUSNs) are one
important extension of the terrestrial wireless sensor net-
works, where the sensor nodes are buried underground and
communicate wirelessly through soil. As a promising field,
WUSNs enable a wide variety of novel applications, such as
intelligent irrigation, sports field maintenance, border patrol,
infrastructure monitoring, intruder detection, among of others
[1], [2].

The connectivity as a fundamental property of wireless
networks is essential for network functionalities. Because
of the unique channel characteristics and the heterogeneous
network architecture of the WUSNs, the connectivity analysis
is much more complicated than in the terrestrial wireless
sensor networks and ad hoc networks. In particular, since
WUSNs consist of underground (UG) sensor nodes and above-
ground (AG) data sinks [1], [3], [4], three different commu-
nication channels exist in WUSNs based on the locations of
the transmitter and the receiver, including: underground-to-
underground (UG-UG) channel, underground-to-aboveground
(UG-AG) channel, and aboveground-to-underground (AG-UG)
channel. The transmission range in these three different chan-
nels is different from each other. For the UG-UG channel, the
transmission range is very limited compared to the terrestrial
air channel [5], [6] due to the material absorption of the soil
medium. For the UG-AG channel, the transmission range is
much longer than the UG-UG channel [3], [4], [6]. This is
because a large portion of the radiation energy can penetrate
the air-ground interface from the soil to the air, and the path
loss in the air is much smaller than that in the soil. For the

AG-UG channel, the transmission range is much smaller than
the UG-AG channel [6] since most of the radiation energy is
reflected back when penetrating the air-ground interface from
the air to the soil. Moreover, the transmission ranges in these
three channels are also significantly impacted by the changes
in soil moisture, soil composition, sensor burial depth, and
radio operating frequency [1], [5], [6].

According to the channel characteristics and the envisioned
applications of WUSNs, a practical WUSN network consists
of underground sensors deployed in the sensing field, fixed
above-ground data sinks set around the sensing field, and
mobile data sinks carried by people or machineries inside the
sensing field. Specifically, if there is only one single AG data
sink, a prohibitively high density of UG sensors is required to
guarantee the full connectivity, due to the small and dynamic
transmission range of the UG-UG channel. If the cost of
deployment and maintenance is considered, the extremely high
density of UG sensors is unacceptable. To solve this problem,
multiple AG sinks can be introduced [1], [3]. However, it
is not desirable to deploy numerous AG devices inside the
sensing field. For example, the AG devices inside a crop field
may prevent large agricultural machinery to work; those AG
devices may also prevent players to perform freely in a sport
field. Hence, fixed AG sinks are only allowed to be deployed
outside (around) the field under monitoring. This constraint
causes that the sensor density far from the field border is
still prohibitively high. One feasible solution is to let the
agricultural machineries or the users inside the field carry
receiver devices and perform as mobile data sinks [1]. The
mobile sink moves randomly in the sensing field, and collects
data from the UG sensors when moving into their transmission
range. Therefore, if the WUSN applications can tolerate a
certain level of latency, the UG sensors far from the region
border do not need to connect to a fixed sink but can expect
a mobile sink coming and collecting their data.

A terrestrial wireless sensor network is defined to be fully
connected if every sensor is connected to at least one data
sink in a multi-hop fashion [11]. This is different from the
ad hoc networks if multiple data sinks exist. Moreover, if the
mobile data sinks are introduced, the probability that a sensor
is connected to at least one sink increases with the increasing
latency tolerance. It follows that there is a tradeoff between the
high connectivity probability and low latency. Consequently,
we introduce the following definitions:

Definition 1: In a WUSN, a UG sensor is connected if either
of the following statements is true.
• The UG sensor is connected to a fixed AG sink in a multi-
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hop fashion;
• The UG sensor is connected to a mobile AG sink at least

once in a multi-hop fashion within the duration t, where
t is the maximum tolerable latency.

Definition 2: A WUSN is fully connected if all its UG sensors
are connected.

The connectivity analysis in WUSNs is a complicated prob-
lem since there are three types of sensor nodes (UG sensors,
AG fixed sinks and AG mobile sinks) in two different mediums
(soil and air) with three different transmission ranges (UG-UG,
UG-AG and AG-UG). Additionally, the transmission ranges
are highly dynamic due to the changes of the environmental
parameters as well as the radio frequency and the burial depth.
Besides, since the channel between AG and UG devices is
asymmetrical, the network connectivity is also asymmetrical.
Moreover, the tradeoff between the good connectivity and the
low latency needs to be considered due to the use of mobile
sinks. To the best of our knowledge, these problems have not
been addressed in existing works so far.

In this paper, we analyze the connectivity in WUSNs by
taking into consideration both the unique channel characteris-
tics and the heterogeneous network architecture. The solution
will provide guidelines to design the system parameters for
WUSNs according to the environmental conditions. The lower
bound and upper bounds of the connectivity probability are
derived analytically as functions of the radio power, the
operating frequency, the UG sensor burial depth, the AG sink
antenna height, the density of the sensor devices, the soil
moisture and soil composition, the tolerable latency of the
networks, and the number and the mobility of the mobile
sinks. Those theoretical probability bounds are validated by
simulations. The effects of various environmental and system
parameters are analyzed quantitatively.

The remainder of this paper is organized as follows. In
Section II, the related works are introduced. In Section III,
the channel, network and mobility models are described. Next,
the lower bound and the upper bound of the connectivity
probability in WUSNs are derived in Section IV and Section
V, respectively. Then, in Section VI, simulation studies are
performed. Finally, the paper is concluded in Section VII.

II. RelatedWork

In the past few years, the connectivity in the homogenous
ad hoc networks has been well analyzed thoroughly. In [7],
the necessary and sufficient scaling of the transmission range
is analyzed to achieve the full connectivity. In [8], the upper
bound of the connectivity probability is proposed as a function
of the node density. Comprehensive simulation results for the
connectivity in mobile ad hoc network are provided in [9].
For heterogeneous ad hoc networks, it is proven in [10] that
the connectivity of ad hoc networks can be improved by using
base stations in certain conditions.

In [11], the connectivity in a sensor network with node
sleeping scheme is analyzed. However, the authors assume that
only one data sink exists. Therefore the connectivity criteria
is the same as in the ad hoc networks. In [12], multiple
sinks are considered in the connectivity analysis in wireless
sensor networks. However, the authors assume that the sensors
can be connected to the sinks only in a single-hop fashion.
Additionally, multiple sinks are distributed across the entire

sensing field, which is not feasible in many applications,
especially in WUSNs.

To date, no existing work has addressed the connectivity
problems in WUSNs. The problems include: 1) the connectiv-
ity probability of a multi-hop wireless sensor network over a
bounded region when multiple data sinks are deployed along
the border of the region, 2) the influence of the asymmetric
and dynamic channels on the network connectivity, and 3) the
tradeoff between the connectivity and the latency if mobile
data sinks exist. In this paper, we develop the solutions for
these problems by using the particular channel characteristics
of the WUSNs [1], [5].

III. Preliminaries

A. Channel Model

The channel model for WUSNs is first developed in [5], and
has been validated and extended in [3], [6]. In this section,
we calculate the transmission ranges of the three channels in
WUSNs based on the channel models proposed in [2], [3],
[5]. Since the WUSNs are mainly deployed in spacious fields
(e.g. crop field or sports field), the multi-path fading effects
can also be ignored. Moreover, we assume that the interference
problem is addressed by a proper MAC protocol for WUSNs.

1) UG-UG Channel: Assuming that LUG (d) is the signal
loss of an underground soil path with length d (meters), then
[2], [5]

LUG (d) = 6.4 + 20 log d + 20 log β + 8.69αd , (1)

where α is the attenuation constant whose unit is 1/m, and
β is the phase shifting constant whose unit is radian/m. The
values of α and β depend on the dielectric properties of soil:

α = 2π f
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where f is the operating frequency, μ is the magnetic per-
meability, ε′ and ε′′ are the real and imaginary parts of the
relative dielectric constant of soil-water mixture. ε′ and ε′′ are
functions of the soil properties, which include the volumetric
water content (VWC) of the mixture, the bulk density, and the
composition of soil in terms of sand and clay fractions. The
detailed expressions of ε′ and ε′′ can be found in [2], [5].

Since the UG sensors are buried near the air-ground inter-
face (the burial depth is less than 2 m), the reflection from
the air-ground interface needs to be considered. If the burial
depth of UG sensors is hu, the total path loss of the UG-UG
channel LUG−UG is deduced as [2], [5]:

LUG−UG = LUG (d) − 10 log V(d, hu) , (3)

where V(d, h) is the attenuation factor due to the second path:

V2(d) =1 +
(
Γ · exp (−αΔr)

)2

− 2Γ exp (−αΔr) cos

(
π −

(
φ − 2π f

c
√
ε′
Δr

))
,

where Γ and φ are the amplitude and phase angle of the
reflection coefficient at the reflection point, c is the velocity
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Fig. 1. Illustration of (a) UG-AG channel and (b) AG-UG channel

of light in vacuum, and Δr=
√

d2/4 + h2
u −d, is the difference

of the two paths.
Assuming that the transmit power of the UG sensor is Pu

t ,
the antenna gains of the receiver and transmitter are gr and
gt. Then the received power, PU2U

r , at a receiver sensor node
d meters away is PU2U

r = Pu
t + gr + gt − LUG−UG . Consequently,

the transmission range of the UG-UG channel is:

RUG−UG = max{d : PU2U
r /Pn > SNRth} , (4)

where Pn is the noise power; and SNRth is the minimum signal-
to-noise ratio required by the receiver.

2) UG-AG Channel: The path loss of the UG-AG channel
LUG−AG consists of three parts: the UG path loss LUG , the AG
path loss LAG and the refraction loss from soil to air LR

UG−AG
:

LUG−AG = LUG (dUG ) + LAG (dAG ) + LR
UG−AG
, (5)

where dUG is the length of the UG path, and the dAG is the
length of the AG path, as shown in Fig. 1(a). The UG path
loss LUG can be derived from (1). The AG path loss LAG is:

LAG (d) = −147.6 + 20 log d + 20 log f , (6)

Since the dielectric constant of soil is much larger than the
air, the signals with an incident angle θI that is larger than
the critical angle θc will be completely reflected. Moreover,
because the length of the AG path dAG is much larger than
the height of the AG sink antenna ha, the incident angle θI
is approximately equal to θc; and the refracted angle θR is
approximately equal to 90◦, as shown in Fig. 1(a). Then the
horizontal distance d between the UG sensor and AG sink is
approximately equal to dAG . And

dUG �
hu

cos θc
; θc � arcsin

1√
ε′
. (7)

The refraction loss LR
UG−AG

can be calculated as:

LR
UG−AG
� 10 log

(
√
ε′ + 1)2

4
√
ε′
. (8)

Then the received power is PU−A
r = Pu

t +gr +gt − LUG−AG at the
AG sink. Consequently the transmission range of the UG-AG
channel is calculated as:

RUG−AG � max{dAG : PU−A
r /Pn > SNRth} . (9)

3) AG-UG Channel: Similar to the UG-AG channel, the
path loss of the AG-UG channel is:

LAG−UG = LUG (dUG ) + LAG (dAG ) + LR
AG−UG
, (10)

where LR
AG−UG

is the refraction loss from air to soil. As shown
in Fig. 1(b), because the dielectric constant of soil is much
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: AG Mobile Sink

: UG Sensor
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Fig. 2. The network model of the WUSNs. The gray disk is the range in
which other nodes can connect to the node in the center of the disk.

larger than the air, most radiation energy from the AG sink
will be reflected back if the incident angle θI is large. There-
fore, we only consider the signal with small incident angle.
Consequently, the refracted angle θR in the soil is even smaller
hence it can be viewed approximately as zero. Then the UG
path length dUG � hu, and the horizontal distance d between
the UG sensor and AG sink is:

d �
√

d2
AG
− h2

a , cos θI =
ha

dAG

. (11)

The refraction loss LR
AG−UG

can be calculated as:

LR
AG−UG
� 10 log

(cos θI +
√
ε′ − sin2 θI)2

4 cos θI
√
ε′ − sin2 θI

. (12)

If the transmit power of the AG sink is Pa
t , then the received

power is PA−U
r = Pa

t +gr+gt−LAG−UG at the UG sensor. Therefore
the transmission range of the UG-AG channel is calculated as:

RAG−UG � max{d : PA−U
r /Pn > SNRth} . (13)

B. Network Model

As shown in Fig. 2, the WUSN is deployed in a bounded
region R2. The UG sensors {Ni, i = 1, 2, · · · } are distributed
inside the region R2 according to a homogeneous Poisson
point process of constant spatial intensity λ. There are n
fixed AG sinks {S i, i = 1, 2, · · · n} uniformly distributed along
the border of the sensing region R2. Moreover, there are
m mobile AG sinks {Mi, i = 1, 2, · · ·m} carried by people
or machineries inside the sensing region. In this paper, we
analyze the probability of the full connectivity in WUSNs. The
definition of the full connectivity in WUSN is given in Section
I. The sensing region R2 is much larger than the transmission
range of the UG sensors. Hence the scale of the network is
large and the border effects can be ignored.

The functionalities of the WUSNs include two phases: the
sensing phase and the control phase. In the sensing phase, the
UG sensors report sensing data to the AG sinks, while in the
control phase, the AG sinks send control messages to the UG
sensors. Since the UG-AG channel and the AG-UG channel are
asymmetrical, we analyze the connectivity in the two phases
separately. In the sensing phase, the UG-UG and the UG-
AG channels are used, while in the control phase UG-UG
and the AG-UG channel are utilized. The maximum tolerable
latencies in the sensing phase and control phase are ts and tc,
respectively. ts � tc in most envisioned applications. Since the
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only difference between the connectivity analysis in the two
phases is the transmission ranges and the tolerable latencies,
we calculate the connectivity probability in the sensing phase
in the next two sections. The connectivity probability in the
control phase can be derived from the developed formulas
by simply replacing the transmission range and the tolerable
latency.

C. Mobility Model

Since the mobile sinks in above-ground are carried by
people or machineries, their mobility can be modeled as the
random walk [13]. The random walk model of a mobile data
sink is defined by a sequence of steps. A step consists of
a flight with a random direction followed by a pause. The
initial position of each mobile sink is uniformly distributed
in the sensing region R2. If the initial position of a mobile
sink is (x0, y0), the position of this mobile sink after time t,
(xt, yt), follows a joint Gaussian distribution. The probability
density function (PDF) of the position of the mobile sink can
be expressed as:

P
(
t, (xt, yt)

)
=

1
2πtσ2/τ

exp

(
− (xt − x0)2 + (yt − y0)2

2tσ2/τ

)
, (14)

where σ2 is the variance of the flight length and τ is mean
value of the step time. Larger σ2 and smaller τ indicate that
the mobile sink is more active.

IV. Lower Bound of the Connectivity Probability inWUSNs

According to the above channel characteristics, the network
and mobility models, the probability that the WUSNs are
fully connected depends on various environmental and system
parameters. Here and in the next section, the lower and
upper bounds for the connectivity probability are derived
analytically. These theoretical bounds enable the quantitative
analysis of the effects of multiple system and environmental
parameters on the connectivity in WUSNs.

From Definition 2, the full connectivity probability Pc of
WUSNs can be expressed as:

Pc = P(Every UG sensor is connected)

=

∞∑
n=0

P(All n UG sensors are connected) (15)

× P(There are n UG sensors in R2) .

According to the FKG inequality [14],

P(All n UG sensors are connected){ ≥∏n
i=1 P(Ni is connected) , if n ≥ 1

= 0 , if n = 0 .

Since each UG sensor node is assumed to be identically
distributed, then

n∏
i=1

P(Ni is connected) = Pn(Ni is connected)

Additionally, since the UG sensors are distributed according
to a Poisson point process,

P(There are n UG sensors in R2) =
(λ SR2 )n

n!
e−λ S

R2 , (16)

where SR2 is the area of the region R2. Then

Pc ≥
∞∑

n=0

Pn(Ni is connected) · (λ SR2 )n

n!
e−λ S

R2

= exp
{
λ SR2 · [P(Ni is connected) − 1

]}
. (17)

Next, we evaluate the lower bound of P(Ni is connected)
in (17), the probability that a single UG sensor node Ni is
connected. Since the position of Ni is random, then

P(Ni is connected)=
∫

S
R2

1
SR2

P
(
N(xi,yi)

i is connected
)

dxidyi ,

where N(xi,yi)
i indicates that the position of Ni is (xi, yi).

The total directly covered area of the fixed AG sinks in
region R2 is denoted as S f ix. Note that S f ix is determined since
fixed AG sinks are stationary. If Ni is deployed in the coverage
area, the connectivity probability is 1. Hence,

P(Ni is connected) =
S f ix

SR2
(18)

+

∫
S
R2−S f ix

1
SR2

P
(
N(xi,yi)

i is connected
)

dxidyi .

From Definition 1,

P
(
N(xi,yi)

i is connected
)
=P(A ∪ B) ≥ max[P(A), P(B)], (19)

where A is the event that the UG sensor N(xi,yi)
i connects to

at least one fixed AG sink; B is the event that the UG sensor
N(xi,yi)

i has connected to at least one mobile AG sink at least
once within the tolerable latency ts. Furthermore

P(A) ≥ max
J∈{S i}

[
P
(
N(xi,yi)

i ∼ SinkJ
)]
, (20)

where (N(xi,yi)
i ∼ SinkJ) indicates that the UG sensor N(xi,yi)

i
connects to the fixed sink J, and {S i} is the set of all fixed AG
sinks. Similarly,

P(B) ≥ max
K∈{Mi}

[
P
(
N(xi,yi)

i ∼ SinkK in ts
)]
, (21)

where (N(xi,yi)
i ∼ SinkK in ts) indicates that the UG sensor

N(xi,yi)
i has connected to the mobile sink K at least once within

duration ts, {Mi} is the set of all mobile AG sinks.
The event (N(xi,yi)

i ∼ SinkK in ts) can be viewed as the union
of infinitely many sub-events {C(ti), i = 1, 2, · · · }, so that

P
(
N(xi,yi)

i ∼ SinkK in ts
)
= P

[
C(t1) ∪C(t2) ∪ · · · ]

≥ max
ti

{
P
[
C(ti)

]}
, (22)

where C(ti) is the event that the UG sensor N(xi,yi)
i connects to

the mobile sink K at time instant ti, Note that ti ∈ [0, ts], and
ti � t j if i � j. At each time instant, the mobile sink K can
be considered to be static. Therefore, K can be viewed as a
fixed AG sink at each time instant. Then

P
[
C(ti)

]
= P(N(xi,yi)

i ∼ SinkK(ti)) , (23)

where K(ti) is the equivalent fixed sink that has the same
position as the mobile sink K at time instant ti. By substituting
(22) and (23) into (21), we obtain

P(B) ≥ max
K∈{Mi}

{
max

ti∈[0,ts]

[
P(N(xi,yi)

i ∼ SinkK(ti))
]}
. (24)
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Assume that tmin is the time instant when K is passing the
point closest to N(xi,yi)

i on its motion trail. Then K(tmin) is the
closest equivalent fixed sink to N(xi,yi)

i among all equivalent
fixed sinks of K during ts. The distance between N(xi,yi)

i and
K(tmin) is denoted as lmobi,K.

According to the definition of the maximum function, (20)
can be further derived as:

max
J∈{S i}

[
P
(
N(xi,yi)

i ∼ SinkJ
)] ≥ P

(
N(xi,yi)

i ∼ SinkJmin

)
, (25)

where Jmin is the fixed AG sink that is closest to the UG sensor
N(xi,yi)

i . The distance between Jmin and N(xi,yi)
i is denoted as l f ix.

Similarly, (24) can be further written as:

max
K∈{Mi}

{
max

ti∈[0,ts]

[
P(N(xi,yi)

i ∼ SinkK(ti))
]}
≥ P

(
N(xi,yi)

i ∼SinkKmin(tmin)
)
,

(26)

where Kmin(tmin) is the equivalent fixed sink that is the closest
to the UG sensor N(xi,yi)

i of all mobile sinks at all time
instances. Therefore, lmobi,Kmin = min{lmobi,K,K ∈ {Mi}}.

By substituting (20), (24), (25) and (26) into (19), we derive:

P
(
N(xi,yi)

i is connected
)

(27)

≥ max
{
P
(
N(xi,yi)

i ∼ SinkJmin

)
, P

(
N(xi,yi)

i ∼ SinkKmin(tmin)
)}
.

If lmobi,Kmin ≤ RUG−AG, then N(xi,yi)
i can connect to SinkKmin(tmin)

directly. Then P
(
N(xi,yi)

i ∼ SinkKmin(tmin)
)
= 1. Hence,

max
{
P
(
N(xi,yi)

i ∼ SinkJmin

)
, P

(
N(xi,yi)

i ∼ SinkKmin(tmin)
)}

≥ P
(
N(xi,yi)

i ∼SinkJmin

) · P(lmobi,Kmin > RUG−AG)

+ P
(
N(xi,yi)

i ∼SinkKmin(tmin)

∣∣∣lmobi,Kmin > RUG−AG
)

· P(lmobi,Kmin ≤ RUG−AG)

= P
(
N(xi,yi)

i ∼SinkJmin

) · P(lmobi,Kmin > RUG−AG)

+ 1 · [1 − P(lmobi,Kmin > RUG−AG)
]
. (28)

To calculate the probability in (28), two sub-problems need
to be analyzed: 1) the lower bound of the probability that a
sensor at (xi, yi) connects to a fixed sink at (x j, y j) in a multi-
hop fashion, P

(
N(xi,yi)

i ∼ Sink
(x j,y j)
j

)
; and 2) the first hit time

problem of the random walk model.

A. Lower Bound of P
(
N(xi,yi)

i ∼ Sink
(x j,y j)
j

)
Assuming a UG sensor Ni is located at (xi, yi), and a fixed

sink Sink j is located at (x j, y j). To derive the lower bound
of the probability that Ni connects to Sink j, we first map the
WUSN on a discrete lattice, as shown in Fig. 3.

In Fig. 3, the square lattice L over the region R2 is
constructed as follows. The sensor Ni is on one vertex of the
lattice, which is set as the origin of the lattice. The straight
line e f connecting Ni and Sink j forms a sequence of horizontal
edges of the lattice L. The length of each edge is d. Let L′ be
the dual lattice of L. The vertexes of L′ are placed in the center
of every square of L. The edges of L′ crosse every edge of
L. According to the above structure, there exists a one-to-one
relation between the edges of L and the edges of L′. L and L′
have the same edge length d = 1√

5
RUG−UG. The value is chosen

so that two UG sensors deployed in two adjacent squares of

SinkSensor

Fig. 3. Mapping the WUSN on a lattice L (dashed) and its dual L’ (plain).

the dual lattice L′ are guaranteed to be able to connect to each
other.

Definition 3: An edge l′ of the L′ is said to be open if both
squares adjacent to l contains at least one UG sensor.

Definition 4: An edge l of the L is said to be open if and
only if the corresponding edge of L′ is open.

Definition 5: A path of the L or L′s is said to be open
(closed) if all edges forming the path are open (closed).

Therefore, if a open path of the L is given, all the UG
sensors in the squares in L′ along the open path belong to the
same cluster and are connected to each other. The states of
the edges (open or closed) are independent from each other.
The probability that an edge is closed is denoted as q, which
is the same in L and L′. q can be calculated according to the
Poisson point process of the UG sensors. Hence,

q = P2(There is no sensor in a square d2) = e−2λd2
. (29)

Now consider the connection between the sensor Ni and
Sink j. The region R2 is divided into two parts, the region
inside the circle Csink and the region outside the circle. Csink

is defined as the circle with radius RUG−AG and center located
at the position of Sink j, as shown in Fig. 3. All UG sensors
located inside Csink connects to Sink j directly. Note that
RUG−AG 
 RUG−UG =

√
5d. If there is an open path of L

connecting Ni and a vertex V of L inside Csink, then Ni and
Sink j are guaranteed to be connected by each other. Note that
the square in L′ containing vertex V should be completely
inside the circle Csink. The set of these open paths is denoted
as {Po}, then

P
(
N(xi,yi)

i ∼Sink
(x j,y j)
j

) ≥ P
(∣∣∣{Po}

∣∣∣ > 0
)
= 1−P

(∣∣∣{Po}
∣∣∣ = 0

)
, (30)

where
∣∣∣{Po}

∣∣∣ is the number of the open path Po. Furthermore,∣∣∣{Po}
∣∣∣ = 0, if and only if the sensor Ni lies in the interior

of some closed circuits of the dual lattice L′, which do not
contain a whole common square that is also inside the circle
Csink, such as C1 and C2 (thick black circuits) in Fig. 3.

We now evaluate P
(∣∣∣{Po}

∣∣∣ = 0
)

by counting the number of
such closed circuits in L′. Let ρ(n) be the number of circuits in
L′ which have length nd and contain the UG sensor Ni in their
interiors. To contain Ni in their interiors, those circuits pass
through some point on the line e f , as shown in Fig. 3. The
position of the corresponding pass vertex in L′ has the form
of (kd − 1

2 d, 1
2 d). k cannot be larger than � n

2 � − 1. Otherwise
the circuits would have a length larger than n. Thus, such a
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circuit contains a self-avoiding walk of length n − 1 starting
from a vertex at (kd − 1

2 d, 1
2 d) and k > � n

2 � − 1. Moreover, to
contain Ni inside, the length of the circuits n ≥ 4. The number
of self avoiding walks of L′ having length n and beginning at
a vertex is denoted as σ(n). It has been proven in [14] that
σ(n) ≤ 4 · 3n−1 in a 2-D plane.

Since those closed circuits do not contain a whole common
square with the circle Csink, such as C1 or C2 in Fig. 3, they
must pass through at least one point on the line segment on
e f between the sensor Ni and the first vertex of L inside Csink.
This line segment is illustrated by the thick gray segment in
Fig. 3. The length of the line segment is Wd. The distance
between the sensor and the sink is denoted as D. If D >
RUG−AG,

W = �(D − RUG−AG)/d� + 1

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢
√

(xi − x j)2 − (yi − y j)2 − RUG−AG

d

⎤⎥⎥⎥⎥⎥⎥⎥⎥ + 1 . (31)

Hence, those closed circuits contain a self-avoiding walk of
length n−1 (n ≥ 4) starting from a vertex at (kd− 1

2 d, 1
2 d) and

k ≤ min{� n
2 � − 1,W}. The total number of such closed circuits

is denoted as CN. Based on the above discussions, the upper
bound of CN can be calculated as follows.

CN ≤
∞∑

n=4

σ(n − 1) +
∞∑

n=6

σ(n − 1) + · · ·
∞∑

n=2W

σ(n − 1)

=

2W∑
n=4

�n
2
� · σ(n − 1) +

∞∑
n=2W+1

W · σ(n − 1) . (32)

Then the upper bound of P
(∣∣∣{Po}

∣∣∣ = 0
)
, the probability that

there is no open path connecting N(xi,yi)
i and Sink

(x j,y j)
j , is:

P
(∣∣∣{Po}

∣∣∣ = 0
)
≤

2W∑
n=4

�n
2
�·σ(n − 1)·qn +

∞∑
n=2W+1

W ·σ(n − 1)·qn

=
2(3q)4

9

[
3

1 − 3q
+

1 − (3q)2W−3

(1 − 3q)2

]
def
= F(λ,RUG−AG,RUG−UG,D) . (33)

Therefore according to (30), the lower bound of the probability
that a sensor at (xi, yi) connects to a fixed sink at (x j, y j) in a
multi-hop fashion can be derived:

P
(
N(xi,yi)

i ∼Sink
(x j,y j)
j

)
{ ≥1− F(λ,RUG−AG,RUG−UG,D) , if D > RUG−AG

= 1 , if D ≤ RUG−AG .
(34)

B. First Hit Time of the Random Walk Model

In this section, we analyze the first hit time of the random
walk mobility model. Consider a round region Q[c, r], where c
is the position of the center and r is the radius. A point moves
according to the random walk model as described in Section
III-C. The initial position of the mobile point is x(0) and its
position at time instant t is x(t). The first hit time TQ[c,r],x(0) is
defined as the time instant when the mobile point first enters
the region Q[c, r] [15]. That is

TQ[c,r],x(0)
def
= inf

{
t
∣∣∣∣ x(t) ∈ Q[c, r]

}
. (35)

In the rest part of this subsection, we use Q to represent Q[c, r]
for concise expression. We are interested in the probability
P

[
TQ < t

]
. Obviously, if x(0) ∈ Q, then P

[
TQ < t

]
= 1. Next

we calculate P
[
TQ < t

]
when x(0) � Q. First we analyze the

probability that the mobile point x is inside the region Q at
time instant t, P [x(t) ∈ Q].

P [x(t) ∈ Q] =P
[
x(t) ∈ Q ∣∣∣ TQ,x(0) ≤ t

]
· P(TQ,x(0) ≤ t) (36)

+ P
[
x(t) ∈ Q ∣∣∣ TQ,x(0) > t

]
· P(TQ,x(0) > t) .

Obviously, P
[
x(t) ∈ Q ∣∣∣ TQ,x(0) > t

]
= 0. Due to the symmetric

property of the random walk model, P
[
x(t)∈Q∣∣∣TQ,x(0)≤ t

]
≤ 1

2 .
Then P(TQ ≤ t) ≥ 2P [x(t) ∈ Q]. Based on the above dis-
cussion and the mobility model, we obtain the lower bound
of P(TQ[c,r],x(0) ≤ t), the probability that the first hit time is
smaller than t:

P(TQ[c,r],x(0) ≤ t) (37)⎧⎪⎪⎨⎪⎪⎩ ≥
1

πtσ2/τ

∫
x∈Q[c,r]

exp
(
− ||x−x(0)||2

2tσ2/τ

)
dx , if x(0) � Q

= 1 , if x(0) ∈ Q .
In next subsection, we will utilize the lower bound of
P(TQ[c,r],x(0) ≤ t) as obtained in (37).

In Section V, the upper bound of P(TQ[c,r],x(0) ≤ t) is also
needed. Hence we analyze the upper bound as follows. First
we assume that x(0) � Q. Then we define another round region
Q′[c′, r], where the center c′ satisfies ||c′ − x(0)|| = r. We
analyze (36) again. It is easy to prove that

P
[
x(t)∈Q∣∣∣TQ,x(0)≤ t

]
≥ P

[
x(t)∈Q′] def

= ξ ,

where, P[x(t)∈Q′] is a determined value if the region radius
r is determined. We use ξ to represent this value. Then

P(TQ ≤ t) ≤ 1
ξ

P[x(t)∈Q] .

Therefore, the upper bound of P(TQ[c,r],x(0) ≤ t), the probability
that the first hit time is smaller than t, is:

P(TQ[c,r],x(0) ≤ t) (38)⎧⎪⎪⎨⎪⎪⎩ ≤
1

2ξπtσ2/τ

∫
x∈Q[c,r]

exp
(
− ||x−x(0)||2

2tσ2/τ

)
dx , if x(0)�Q

= 1 , if x(0)∈Q .
C. Lower Bound of the Connectivity Probability in WUSNs

Now we go back to (28) and continue to deduce the formula
using the results from Section IV-A and B. The mobility of
all m mobile sinks are assumed to be independent and with
the same distribution parameters. Then P(lmobi,Kmin > RUG−AG)
in (28) can be derived as:

P(lmobi,Kmin > RUG−AG) = P(min{lmobi,K,K ∈ {Mi}} > RUG−AG)

= P(lmobi,K > RUG−AG,∀K ∈ {Mi})
=

∏
K∈{Mi}

P(lmobi,K > RUG−AG)

= Pm(lmobi,K > RUG−AG) . (39)

The probability P(lmobi,K > RUG−AG) in (39) can be repre-
sented by the probability of the first hit time:

P(lmobi,K > RUG−AG) = 1 − P(TQ[(xi,yi),RUG−AG],K(0) ≤ ts) , (40)
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where K(0) is the initial position of the AG mobile sink K
which is uniformly distributed inside the region R2. Therefore,

P(lmobi,K>RUG−AG) = 1 −
∫
R2

1
S R2

P(TQ[(xi,yi),RUG−AG],(x,y) ≤ ts) dxdy

def
= G

[
ts, σ

2/τ,RUG−AG, (xi, yi)
]
. (41)

By substituting (34) and (41) into (28), we derive the lower
bound of the connectivity probability of a certain UG sensor
located at (xi, yi), which is

P
(
N(xi,yi)

i is connected
)

(42)⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
≥

[
1−F(λ,RUG−AG,RUG−UG, l f ix)

]
·Gm

[
ts, σ

2/τ,RUG−AG, (xi, yi)
]

+1 −Gm
[
ts, σ

2/τ,RUG−AG, (xi, yi)
]
, if l f ix > RUG−AG

= 1 , if l f ix ≤ RUG−AG .

Note that since the positions of the fixed AG sinks
are determined, the minimum distance l f ix between Ni

and all AG sinks is determined by the position of Ni,
(xi, yi). Since F(λ,RUG−AG,RUG−UG, l f ix) ≥ 0, the probability
P(TQ[(xi,yi),RUG−AG],(x,y) ≤ ts) in G

[
ts, σ

2/τ,RUG−AG, (xi, yi)
]

is cal-
culated using the lower bound shown in (37). For concise
expression, we define:

F(λ,RUG−AG,RUG−UG, l f ix)
def
= F ;

G
[
ts, σ

2/τ,RUG−AG, (xi, yi)
]

def
= G .

By substituting (42) into (17) and (18), the lower bound of
the connectivity probability in WUSNs is derived as:

Pc ≥ exp
{
λSf ix−λSR2+λ

∫
S
R2−Sf ix

[
(1 − F) ·Gm + 1 −Gm]

dxidyi

}
.

(43)

V. Upper Bound of the Connectivity Probability inWUSNs

The absence of isolated UG sensor is a necessary but
not sufficient condition for the full connectivity in WUSNs.
Hence the probability that there are no isolated UG sensors,
denoted by P(no isolated UG sensor), is an upper bound for
the connectivity probability in WUSNs. Therefore we have:

Pc ≤ P(no isolated UG sensor)

=

∞∑
n=0

P(All n UG sensors are not isolated) (44)

× P(There are n UG sensors in R2) .

The isolation events of each node can be viewed as inde-
pendent according to [8], [9]. Hence

P(no isolated UG sensor) =
∞∑

n=0

Pn(Ni is not isolated)

× P(There are n UG sensors in R2) .

Then using the same strategy in (16) and (17), we derive:

Pc ≤ exp
{
− λ SR2 · P(Ni is isolated)

}
. (45)

To derive the upper bound of Pc in (45), we analyze the
lower bound of the probability P(Ni is isolated). A UG sensor
is isolated, if and only if no other UG sensors, AG fixed sinks

and AG mobile sinks exist inside its transmission range. Since
the above three events are independent, then,

P(Ni is isolated)

= P(no sensor, fixed sink, mobile sink inside Ni’s range)

= P(no other sensor inside Ni’s range)

× P(no mobile sink inside Ni’s range)

× P(no fixed sink inside Ni’s range) . (46)

According to the properties of the homogeneous Poisson
point process, the three probabilities in (46) are calculated
respectively in the following.

P(no other sensor inside Ni’s range) (47)

= P(Ni has no sensor neighbor) = exp(−λπR2
UG−UG) .

P(no mobile sink inside Ni’s range) (48)

= P(no mobi sink moves into Ni’s range within ts)

=
[
1−P(mobi sink Mj moves into Ni’s range within ts)

]m

=

∫
S
R2

∫
S
R2

(
1

SR2
)2

[
1−P(TQ[(xi,yi),RUG−AG],(x,y) ≤ ts)

]m
dxdydxidyi

def
= H(m,RUG−AG, σ

2/τ, ts) .

P(no fixed sink inside Ni’s range) = 1 − Sf ix

SR2
. (49)

In (48), P(TQ[(xi,yi),RUG−AG],(x,y) ≤ ts) is calculated using its upper
bound given in (38) in order to derive the upper bound of the
connectivity probability. By substituting (46)-(49) into (45),
the upper bound of the connectivity probability in WUSNs is
obtained.

Pc ≤ exp
{
− λ · e−λπR2

UG2UG · (SR2 − Sf ix) · H(m,RUG2AG, σ
2/τ, ts)

}
.

(50)

VI. Performance Evaluation

As shown in (43) and (50), the lower and upper bounds
of the connectivity probability in WUSNs are functions of
various parameters, such as the UG sensor node density λ,
the number n of AG fixed sinks, the number m of AG mobile
sinks, the mobility of the mobile sinks σ2/τ, the transmission
ranges (RUG−UG, RUG−AG in sensing phase and RUG−UG, RAG−UG

in control phase), and the tolerable latency (ts in the sensing
phase and tc in the control phase). Moreover, as shown in
Section III-A, the transmission ranges are functions of the
operating frequency, the UG sensor burial depth, the AG sink
antenna height, the composition of soil in terms of sand and
clay fractions, the bulk density, and the soil moisture. In
this section, we numerically analyze the effects of the above
environmental and system parameters on the connectivity in
WUSNs. The theoretical probability bounds are validated by
the simulations in the meantime. All the analysis is based on
the sensing phase unless otherwise specified.

Except studying the effect of certain parameters, the default
values are set as follows: The sensing region is a 100 m×100 m
square. The number of the UG sensor node is calculated by
multiplying the region area by the sensor node density. 12
fixed AG sinks are uniformly deployed along the border of
the region (3 on each square edge). 10 mobile AG sinks
move inside the region according to random walk model
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Fig. 4. Connectivity probability in WUSNs as a function of UG sensor node
density with different soil moisture.

with parameter σ2/τ = 1 m2/s. The tolerable latencies are
ts = 30 sec in the sensing phase and tc = 20 min in the control
phase. All the transceivers in sensors and sinks are assumed to
be the same. The transmitting power is 10 mW at 900 MHz.
The minimum received power for correct demodulation is
−90 dBm. The antenna gains gt = gr = 5 dB. The UG
sensor burial depth is 0.5 m and the AG sink antenna height
is 1 m. The volumetric water content (VWC) in the soil is
10%. The sand particle percent is 50%. The clay percent is
15%. The bulk density is 1.5 grams/cm3, and the solid soil
particle density is 2.66 grams/cm3. Each simulation result is
averaged over 500 iterations. The lower and upper bounds are
calculated by (43) and (50) respectively.

A. Soil Moisture

The effects of soil moisture on the WUSNs’ connectivity are
illustrated in Fig. 4. The connectivity probabilities are given
as a function of UG sensor node density in dry soil medium
and wet soil medium, respectively. For the dry soil medium,
we set VWC as 10%. For the wet soil medium, we set VWC
as 25%. It indicates that the connectivity in WUSNs highly
depends on the soil moisture. To achieve equal connectivity
probability, the UG sensor node density of the WUSN in wet
soil is more than twice of the density required in dry soil.
This is because the transmission ranges of both the UG-UG
and the UG-AG channel are significantly reduced when the
water content in the soil increases. Since the soil moisture in
the nature varies from time to time, the connectivity of the
WUSNs is also dynamic.

B. Number of Fixed and Mobile Sinks

In Fig. 5, the effects of AG sink number on the WUSNs’
connectivity are investigated. Specifically, we reduce the num-
ber of AG fixed sinks from 12 to 1 in Fig. 5(a), while we
reduce the number of AG mobile sinks from 10 to 1 in
Fig. 5(a). It is shown in the figures that the connectivity
probabilities decreases if we reduce the number of AG fixed
or mobile sinks. However, since the fixed sensor can only
be deployed along the field border. Consequently, if there are
already sufficient fixed sinks, more fixed sinks cannot provide
more covered area hence cannot increase the connectivity
probability. Fig. 5(a) and Fig. 5(b) also show that, if more
fixed or mobile sinks are added to the network, the lower
bound of the connectivity probability increases much more
dramatically than the higher bound. Consequently, the UG
sensor node density to fulfill the sufficient condition of the
full connectivity in WUSNs is significantly reduced if more
fixed or mobile sinks are introduced.
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Fig. 5. Connectivity probability in WUSNs as a function of UG sensor node
density with different number of (a) AG fixed sinks and (b) AG mobile sinks.
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Fig. 6. Connectivity probability in WUSNs as a function of UG sensor node
density with different tolerable latency.

C. Tolerable Latency and Mobility Model

Fig. 6 shows the effect of tolerable latency on the network
connectivity. If we allow longer tolerable latency (from 30 sec
to 300 sec), the connectivity probability increases. Therefore,
there exists a tradeoff between the lower latency and higher
connectivity probability. It should be noted that the effects of
the mobility model’s parameter σ2/τ is similar to the tolerable
latency here, which can be explained as follows. The current
position of a mobile sink depends on the product of the elapsed
time t and the model parameter σ2/τ, as discussed in Section
III-C. Hence, the tolerable latency and model parameter σ2/τ
have equal effects in determining whether the mobile sink can
move into the range of a sensor.

D. Sensing Phase and control Phase

Due to the asymmetrical channel between the UG sensor
and AG sinks, the connectivity performances of the sensing
phase and the control phase are different, as shown in Fig. 7.
If the tolerable latency of the two phases are the same,
as illustrated in Fig. 7(a), the connectivity probability of
the control phase is much lower than that of the sensing
phase. It is because the transmission range of the AG-UG
channel is much smaller than the UG-AG channel. Actually,
the tolerable latency in the control phase can be much larger
than in the sensing phase, since the sinks do not need to send
control messages to the sensors frequently in most WUSNs’
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Fig. 7. Connectivity probabilities in sensing phase and control phase with
different tolerable latency. (a) tc = 30 sec. (b) tc = 20 min.

applications. Fig. 7(b) shows that the connectivity probabilities
are almost the same for the two phases if the tolerable latency
in control phase increases to 20 min.

E. UG Sensor Burial Depth and AG Sink Antenna Height

The effects of the UG sensor burial depth and AG sink
antenna height are analyzed in Fig. 8. As discussed in Section
III-B and C, both the UG-AG channel and the AG-UG channel
are significantly affected by the UG sensor burial depth. Mean-
while, only the AG-UG channel is influenced dramatically by
the AG sink antenna height. Hence the effects of sensor burial
depth is analyzed in the sensing phase in Fig. 8(a), and the
effects of sink antenna height is analyzed in the control phase
in Fig. 8(b). In Fig. 8(a), the connectivity probability bounds
drop dramatically after the sensor burial depth increases only
0.25 m. Meanwhile, the connectivity probability bounds only
increase a little when the sink antenna height is doubled.

VII. Conclusions

The soil transmission medium makes the WUSNs different
from the terrestrial wireless sensor networks. Due to the unique
channel characteristics, such as high path loss in soil medium
and the reflection/refraction on the air-ground interface, a
heterogeneous network structure, which consists of UG sensor,
AG fixed sink and AG mobile sink, is required in WUSNs.
In this paper, the probabilistic connectivity of such WUSNs is
investigated. The upper and lower bounds of the connectivity
probability are theoretically developed to provide the neces-
sary and sufficient conditions to achieve the full-connected
network, which give the guidelines to design the system
parameters of the WUSNs according to the environmental
conditions. The theoretical bounds are validated by simulations
in various scenarios with different system and environmental
parameters. Our analysis shows that the UG sensor density,
the soil moisture content, and the UG sensor burial depth are
the three parameters that have the most significant effects on
the connectivity. Other parameters that have obvious effects
include: the number and the mobility of the AG sinks, the
tolerable latency, and the AG sink antenna height.
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Fig. 8. Connectivity probabilities with (a) different UG sensor burial depth
in sensing phase, and (b) different AG sink antenna height in control phase.
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