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Mean Value Analysis for Blocking Queueing
Networks

IAN F. AKYILDIZ, MEMBER, IEEE

Abstract—Mean value analysis is an exact solution technique for in-
finite capacity queueing networks and enjoyed widespread popularity
during recent years. It considers the behavior of the system by stepwise
increasing the number of jobs in the entire metwork, thus it is well-
suited for the analysis of queueing networks with blocking. In this
work, an approximation is introduced for the mean value analysis of
queueing networks with transfer blocking. The blocking occurs when
a job after completing service at a station wants to join a station which
is full. The job resides in the server of the source station until a place
becomes available in the destination station. The approximation is
based on the modification of mean residence times due to the blocking
events that occur in the network. Several examples are executed in
order to validate the approximate results.

Index Terms—Blocking, finite station capacities, performance eval-
uation, performance measures, queueing network models.

I. INTRODUCTION
UEUEING networks have increased their importance
in performance evaluation of computer systems and
communication networks in the last two decades. When
analyzing systems with infinite station capacities, several

‘methods have been introduced in the last 15 years. In a’

major work, Basketi, Chandy, Muntz, and Palacios [8]
have shown that queueing networks with particular station
types (M/M/m;-FCFS, M/G/1-RR-PS, M/G/Infinite
Servers and M/G/1-LCFS-PR) have a product form so-
lution. In these solutions, the equilibrium state probabil-
ity of the network can be expressed as a product of terms
for each station in the network. The product form solution
implies each station in the network can be analyzed in-
dependently. Several different algorithms have been pro-
posed for product form networks. One of the methods
which has attracted particular interest is the mean value
analysis of Reiser and Lavenberg [16]. Mean value anal-
ysis is based on three fundamental formulas for comput-
ing the mean residence time, throughput, and the mean
number of jobs in the stations. It performs an iterative
computation of the desired performance measures. The
principal advantage of mean value analysis is that it is
very fast and easy to implement.

In actual computer systems, resources have finite ca-
pacity. Thus queueing networks with blocking should be
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used to investigate them analytically. A queueing network
with blocking can be regarded as a collection of stations
with finite capacities through which jobs proceed in order
to satisfy their service requirements. Blocking occurs due
to the finite capacities of the individual stations.

We consider the transfer blocking type where blocking
occurs when a job completing service at station i cannot
proceed to station j because station j is full. In this case
station i’s server stops processing until station j releases
a job.

Since blocking causes interdependencies between sta-
tions, product form or other approximate methods for in-
finite capacity networks cannot be applied in their original
forms. Simulation and/or numerical analysis is generally
used instead. This introduces major problems, as simu-
lation is expensive and statistically inaccurate while nu-
merical methods are restricted to very small networks
(since the state space grows rapidly with the number of
stations and jobs). 45

In recent years there has been a growing interest in. the

" development of computational methods to analyze block-

ing queueing networks. The interest.developed primarily
from the realization that these models are useful in the
study of the subsystem behavior in computers and com-
munication networks. In addition they provide detailed
descriptions of several computer-related applications.

Various types of blocking have been reported in the lit-
erature so far. In the following we discuss those studies
which investigate the transfer blocking type.

In [1] we show that the state spaces of a closed network
with two stations and transfer blocking and the same net-
work without blocking agree exactly if the number of jobs
in the nonblocking network is adjusted properly. In [2]
we extend this concept to networks with more than two
stations. Here the state spaces cannot be made to agree
exactly. An approximation is found by selecting the num-
ber of jobs in the nonblocking network so that the number
of states are the same as in the blocking network. This
method allows to compute throughputs. The results of ex-
tensive validations of the method are presented, and they
indicate very good accuracy. In order to compute the mean
number of jobs we introduce in [3] the so-called state nor-
malization technique where we consider the blocking net-
work simply as a product form network. In certain states
the capacity restrictions of some stations will then be vi-
olated. The jobs that exceed the station capacity are dis-
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tributed to the stations upstream according to the routing
probabilities. This method uses a large amount of com-
putation but it gives good accuracy.

Onvural and Perros [11] show that if the number of jobs
in the network is one more than the capacity of the station
with smallest capacity there is an exact product form so-
lution. Essentially, what happens is that the blocked server
functions as an additional space in the queue of the station
that is blocking it. This is true since at most one server
can be blocked at a time, so all the jobs (except the one
in the blocked server) are in the blocking station. Viewed
in this way, the network is nonblocking and can be solved
by product form network algorithms.

Suri and Diehl [21] consider the transfer blocking pol-
icy in cyclic and tandem networks. They present an ap-
proximate method to compute the throughput of the net-
work. If the network is a cyclic network, one of the
stations has to be nonblocking. If the network is tandem,
the arrival process must be Poisson. They approximate
groups of two stations by a variable capacity station, de-
fined as a superposition of fixed capacity stations. They
start with the last two stations and successively reduce the
network until two stations in tandem remain. The method
is easy to implement and shows good accuracy but in-

-volves much computation. At each step all conditional
probabilities have to be fourid, since they are used to con-
struct the equivalent variable capacity station. The method
only gives the throughput of the entire network, it does
not give statistics for individual stations: - -

Brandwajn and Jow-[9] consider tandem networks with

transfer blocking. The idea is to consider pairs of stations,

where the state of a station is supplemented with a status:
indicator. The status indicator tells if the station is blocked-

or not. For a pair of stations in the network it is then
possible to write down the transition rates in terms of the
states of the neighboring stations. The resulting equations
are solved iteratively.

Altiok [5] solves tandem networks with transfer block-
ing approximately. The delays caused by blocking are
represented by a phase distribution. The job at the front
of the queue travels through phases that represent block-
ing delays after leaving the phase that represents its ser-
vice requirement. The blocking delays are computed by
starting at the last stations in the network and going up-
stream, considering each station as an M/G/1 station.

Schweitzer and Altiok [18] consider aggregation ap-
proximations for tandem networks with transfer blocking.
Aggregate states that represent groups of states of the net-
work are introduced. The balance equations for each sta-
tion can then be written down in terms of parameters, like
the probability that the downstream station is full and the
state-dependent arrival rates, that depend on the rest of
the network.

Note that deadlock is possible in transfer blocking net-
works. All stations in a directed cycle could be full at one
time. If in each of the stations of the cycle the blocked
job is scheduled to go to the next station in the cycle, the
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network is deadlocked. There are two possible solutions
to the deadlock problem:

1) Include a strategy to handle deadlocks in the model.
Perros, Nilsson, and Liu [15] assume that in case of dead-
lock all jobs involved move simultaneously to their des-
tinations. This complicates the model, since the deadlock
handling method influences the balance equations.

il) Simply restrict yourself to cases where deadlock is
impossible. One such case arises whenever the number of
jobs in the system is less than the capacity of the directed
cycle with minimal capacity. No directed cycle can ever
have all its stations full at the same time, and deadlock is
impossible (Akyildiz and Kundu [4]).

Several other investigators have published results on
queueing networks with transfer blocking in recent years
[6], [10], [14], [22]. The area is surveyed by Onvural
[11].

II. MODEL ASSUMPTIONS

We consider closed queueing network models with N
single server stations and a total of K jobs. The service
time at each station is exponentially distributed with rates
u;fori =1, - - -, N. Each station capacity is restricted
to a finite limit M; fori = 1, - - - , N. Simply stated, M;
is the capacity of the ith station where M; = (queue ca-
pacity + the number of servers). Blocking between sta-
tions  and j occurs when j contains M; jobs. In this case,
station i’s server stops processing until station:j releases .
a.job (i.e., a job in service at station.j finishes). Once
station i is no longer blocked, it resumes its exponential
service. : :

Further, we assume that

M
K< -‘EM" (1)

The total number of jobs in the network may not exceed
the sum of the individual station capacities in the net-
work. The service discipline utilized at each station is
first-come-first-served.

As mentioned before, this proposed model is the trans-
fer blocking queueing network studied by several inves-
tigators in recent years [13]. Some years ago, Bard [7]
proposed an approximation method based upon mean
value analysis for queueing networks with blocking.
However, in the validation studies, we found large inac-
curacies in his approximation method.

In this work, we introduce another approximation of
mean value analysis for blocking queueing networks. In
the next section the algorithm is described in detail. In
Section IV we give the summary of the algorithm. Section
V contains a2 numerical example which explains the gen-
eral flow of the algorithm. The last section covers the
evaluation of the algorithm. The Appendix contains re-
sults of sample queueing networks with different topolo-
gies.
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III. MEAN VALUE ANALYSIS FOR BLOCKING QUEUEING
NeTworks (MVABLO)

MVABLO is based on the classical mean value analy-
sis, MVA, of Reiser and Lavenberg [16]. MVA was de-
veloped from two major theorems: Arrival Instant Distri-
bution Theorem [19] and Little’s Law. From the first
theorem, Reiser and Lavenberg [16] derived a formula for
the mean residence time (time spent by a job in queue and
in service) of a job in the ith station:

7(k) =#li[1 + Bk - 1)] (1)

where k;(k — 1) is the mean number of jobs in the ith
station assuming that there are (k — 1) jobs in the entire
network. The informal interpretation of this formula is
easy. The mean residence time of a job entering the ith
station is given by its own mean service time plus the
mean service time of all jobs which are already in the
queue or in service at that station.

From the second theorem, the throughpur of the net-
work can easily be derived:

A(k) = (2)

where ¢; is the mean number of visits a job makes to sta-
tion i and is given by:

. N
-e,~=Zejpj,- fOfl'=l,"',Ni
ji=1
where pj; is the probability that a job in the jth station
proceeds to the ith station.
The mean number of jobs in the ith station can also be
derived from the second theorem:

ki(k) = e;N(k) 7:(k). (3)

k;(0) = 0 is assumed for the initial value in the itera-
tions. The iteration terminates when the total or desired
number of jobs in the network is reached.

As mentioned before, mean value analysis can be ap-
plied only to product form networks of the form presented
above. However, the stepwise behavior of the MVA per-
mits the algorithmic determination of blocking events in
networks with finite station capacities. Two basic char-
acteristics of blocking network models must be consid-
ered in the algorithm:

i) A station whose successor station capacity is full is
blocked.

ii) A station whose capacity is full cannot accept any
job.

MVABLO starts with classical mean value analysis and
computes the mean residence time from (1), throughput
from (2), and the mean number of jobs in each station
from (3). After each iteration, we check to guarantee that
the mean number of jobs in each station is less than or
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equal to the capacity of that station, (i.e., k; < M,). If
this is not the case, we must consider the two additional
characteristics of blocking networks mentioned above.

The fact that a job cannot join another station with a
full capacity has the effect of increasing the mean resi-
dence time of the source station. The job blocks the source
station until a place is available in the full destination sta-
tion. This place will be available after a job has finished
service at the full station. Accordingly, the mean resi-
dence time of the jobs in the blocked station increases by
the mean remaining service time BT; of the destination
station:

B0 = - [1 + Bk = 1)] + BT,

fori,j=1,2,---,N and (4)

In order to determine BT; we utilize the following
known theorem [17]. W DR a0y '

Theorem: The mean remaining service time BT; of the
destination station is exactly its mean service time 1/p;.

Proof: We consider an M/G/1-FCFS system. with
F,(t) =1 — exp { —\t} as the arrival distribution func-
tion and F, (¢) = Arbitrary as the service time distribution
function.

The waiting time of an arriving job is computed by add-
ing the mean remaining service time to the product of the
queue length and the mean service time. The mean re-
maining service time is the time that the job in service
still needs to complete at the moment the new job enters
the system.

The mean remaining service time for a newly arriving
job is zero if the server is inactive. In this case, the new
job is served immediately. In our consideration this case
is irrelevant, since the capacity of the station is already
full whenever BT; is to be computed. Therefore, we com-
pute the mean remaining service time of a job assuming
the system is active.

Let b(x) be the density function of the service time ¥
= 1/p. Let b’ (x) be the density function of the service
time intervals where a job enters the system.

b'(x) ~x (5)

The longer the time interval, the greater is the proba-
bility that a job arrives in the system.

b'(x) ~ b(x) (6)

The greater the probability of a time interval x, the
greater the probability that a job arrives in this interval.

i*j.
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Since b’ (x) is the density function, from (5) and (6) it
follows that

S b'(x)dx =10 S xb(x) dx (7)
0 0
1 =1IIx (8)
1
II=-
= (9)
where II is the proportidnal factor.
Then it follows:
x
b’ = ; 10
Eisarm (10)

The mean length of the service time when 2 new job

arrives can easily be computed by

o0

i=§ xb'(x)dx=i§
0 x Jo

The mean remaining service time that a job must wait,
BT, is given by:

x°b(x) dx = = (11)

== (12)

By substltutmg the first {X = 1/p} and second mo-
ments {x*> = 2/p*} for the exponential distribution in

(12), we obtam the. followmg result for the mean remaini-

S0 Ui Ll

mg service time:

Thus the time that a blocked job must wait in the source
station is exactly the mean service time of the destination
station. This completes the proof.

If a source station has many successor stations and one
of them is full, the mean residence time of the source sta-
tion increases by the mean service time of the full station
multiplied by the transition probability by which the job
would proceed to the full station, weighted by the ratio of
the mean number of visits of the full station (e;) to the
mean number of visits of the blocked station (e;).

N pji€;
t(k) =—[1 + k(k — 1)] +BT[ ! } (14)
The second general characteristic of blocking networks
is that a full station cannot accept a new job. As a result,
the mean residence time is computed by the mean service
times of jobs which are already in the station:
=  —
5 = = [R(k = 1)]. (15)
If the capacity of a station is exceeded in an iteration,
that is, k;(k) > M;, we repeat the iteration. New mean
residence times are derived from (14) and (15). Through-

put is computed using (2). Finally the' mean number of
jobs is computed via (3). In all following iterations, we

Xw)
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use (14) and (15) for the computation of the mean resi-
dence times. If an additional blocking event occurs in the
same station, the mean residence time of the destination
station remains the same while the mean residence time
of the blocked station is again increased.

IV. THE ALGORITHM SUMMARY

begin

for all stations i = 1 to N do
- k() =0
- BT;(0) = 0
- z(0) =
- compute e;, the mean number of visits

by a job to station i

end

for all jobs in the network k = 1to K do
begin

Repeat
for all stations i = 1 to N do

L i) = — [ak) + &k — D] + BT,()
Mi
end "
2. Ak) =
§ e;1;(k)

for all stations i = 1 to N do
3.k (k) =7 (k) e; )\(k)

end W
4. if there exists a k;(k) >: M then
-zik) =0
Ly
* BT (k) := BT;(k) + —§ —
Hi €;
else
N Z,'(k + 1) = Z,'(k)
- BTk + 1) := BT;(k)
endif

until k,(k) < M;
end {fork = 1to K}
end

We can also compute other interesting performance
measures using the MVABLO results. The blocking prob-
ability of a station is computed from the proportion of the
mean blocking time to the mean residence time of jobs in
a station:

BT;(k)
t:(k)
The mean waiting time of a job in the ith station is com-

puted by subtracting the mean service time and the mean
blocking time of jobs from the mean residence time:

Py (k) = for i=1,2,---,N. (16)

wm=mm—i—smn

fOF giy=t:1u02 0% v Ve (17)
The throughput of each station is given by:
(k) = eh(R) - for: L= b 2500 No o (18)
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The wutilization is defined as:
Ai(k)

1

pi(k) = for i=1,---,N.  (19)

The mean queue length in the ith station can be ob-
tained by Little’s Law:

0;(k) = wi(k) N(k)  for (20)

In the following numerical example, we outline the
general flow of the MVABLO algorithm.

i=1,---,N

V. NuMERICAL EXAMPLE

Examine a closed queueing network model with N = 3
stations and K = 27 jobs. The stations have finite capac-
ities M; = 12, M, = 10, and M; = 14. The service time
distribution is exponential with the mean rates p, = 1, p,
= 2, and p; = 3. The stations are serially connected.

Until the iteration (k = 14) the MVABLO behaves ex-
actly like classical MV A for networks with infinite station
capacities. The mean number of jobs k; never exceeds the
capacity limit of the respective stations. For k = 14 we
obtain the following values for the mean number of jobs
in each station:

k(14) = 12.507 k,(14) = 0.9992 k5(14) = 0.4999.

Now the mean number of jobs in the first station vio-
lates the capacity limit,

k(14) = 12.5017 > M, = 12.

As a result, we have to modify the mean residence

times. First the modifications in step 4 of the algorithm

are performed. :

z(14) =0 BT\(14) =0 BT»(14) =0 BT3(14) =1
We repeat step 1 and obtain the new mean residence times:
1,(14) = 11.503 17,(14) = 0.999 1;(14) = 1.5.

Step 2 yields
A(14) = 0.999.

Step 3 obtains the new mean number of jobs in each sta-
tion:

k(14) = 11.502 %,(14) = 0.999 k;(14) = 1.49.

Obviously no capacity limitation is violated so that we
can increase the iteration step. Continuing through the it-
erations, for k = 26 we have

k,(26) = 11.80 z,(26) = 0 BT,(26) =0
k,(26) = 0.99 z,(26) =1 BT,(26) =0
k3(26) = 13.20 z;(26) = 0 BTy(26) = 9.
For k = 27 we compute
1(27) = 11.80 A(27) = 1.017. X(27) = 12.01
,(27) = 0.99 k,(27) = 1.02

13(27) = 13.73 k5(27) = 13.97.

Since the first station is again full {k,(27) = 12.0108
> M, = 12}, the third station is blocked. Thus we have

€

1
BTy(27) = BTy(27) + — {—’1@} = 10.
13

We now repeat steps 1-3 to obtain
1(27) = 11.80 A(27) = 0.98 k,(27) = 11.57
1,(27) = 0.99 ky(27) = 0.97
13(27) = 14.73 k3(27) = 14.44.
Now the mean number of jobs in the third station vio-
lates the capacity limit, since :
k3(27) = 14.4475 > M, = 14.
Therefore we modify
23(27) =0 BT|(27) =0
BTy(27) = 0.333 BT;(27) = 10.

The mean residence times are obtained by repeating steps
1-3:

1,(27) = 11.80 A(27) = 0.9806 K,(27) = 11.57
1,(27) = 1.33 kx(27) = 1.30
15(27) = 14.40 k4(27) =-14.12.

Since the third station is still full {k5(27) > M; = ‘14‘}; A
it follows that the second station is again blocked:

; ,
BT,(27) = BTy(27) + — {fﬂ’ﬁ} = 0.666.
w3 €

We repeat the iteration for & = 27 for the third time by
returning to step 1 and obtain

7,(27) = 11.80 A(27) = 0.968 k,(27) = 11.43
1(27) = 1.66 k2(27) = 1.61
13(27) = 14.4 k5(27) = 13.95.

Since no capacity limitations are viok ted and the total
number of jobs in the network (K = 27) is reached, the
last values shown above are the final results for perfor-
mance measures. In Table I we list the MVABLO results
and the exact results for this model which were obtained
by numerical analysis [20].

VI. EVALUATION

About 150 queueing network mode’s with blocking
were investigated for the validation of the method. The
number of jobs was varied from 5 to 100 and the number
of stations varied from 2 to 6. The analytical results were
compared with simulation results obtained by the RESQ
programming package [17] and with numerical analysis
results [20]. '

The major advantage of the MVABLO is its extremely
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TABLE 1
Exact | MYABLO | Deviation
T, | 11.837 11.804 0.3
7, 1.622 1.664 26
Ty | 13.548 14.400 6.3
k, | 11.830 11.436 33
[ 1.621 1.612 05
Fy | 13544 13.952 29
A 0.999 0.968 3.1

fast execution time. MVABLO also has very low storage
requirement, on the order of O[N(K + 1)].

Our validation study has shown that on the average
MVABLO results differ by 10 percent from the simulation
or exact numerical results. One reason for larger devia-
tions is the checking -of the station capacity violation.
After each iteration we check whether or not the mean
number of jobs is less than the capacity of the station. If
this value is minimally less than the capacity of that sta-
tion, we continue the iterations. But if the station capacity
is minimally exceeded, then we modify the mean rusi-
dence times. However, modifying mean residence times
can introduce large deviations into a situation that origi-
nally had a minimum deviation. In such a case, the orig-
inal mean residence times could be a better estimate than
the modified results. Furthermore, the checking of station
capacity violations does not always detect the blocking.
Blocking might occur in reality even though the mean
fiumber 0f jobs does nnt exceed the capacity of the station
in the iteration of MVABLO: In' such a situation no mod-
ifications are performed on the mean residence times:
MVABLO behaves exactly like the classical MVA in such
cases. This can be observed in the examples given in the
Appendix: 6 with 10 jobs, 7 with 15 jobs, and 8 with 10
jobs where MVABLO results agree with the classical
MVA results.

Another cause of the large deviations results from the
mean number of jobs in a station k; (k) exceeding the ca-
pacity M;, due to the increase in its blocking time. If the
capacity is exceeded, we must lower the throughput so
that the mean number of jobs in the full station will be
less than the capacity. We will explore this in detail by
considering the numerical example presented in Section
V.

We have seen that the mean number of jobs in the third
station k3(27) exceeds the capacity M; for the first time
during the iteration 27. The capacity is also violated after
the first correction to the 27th iteration. This second vio-
lation occurs because of the increasing blocking time of
the third station and not because of new arrivals. We ob-
tained the mean number of jobs in the third station k5(27)
= 14.4475 and the mean residence time 75(27) = 14.733.
Since the capacity of the third station is only M, = 14,
we must lower the k;(27) value.

First we set the counter z3(27) to zero. By setting the
counter z3(27) to zero we can partly lower the k5(27)
value. The third station’s mean service time (1/u3) =
0.333 is smaller than the mean service time of the first
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station’s mean service time (1/u,) = 1. This is added to
the mean residence time of the third station if the first
station is full. So we obtain the mean residence time
1,(27) = 14.4. As a result, the throughput value must be
lowered at least to A(27) = 0.9722 so that the k5(27)
value will be less than the capacity M; = 14. By com-
paring this throughput value A (27) = 0.9722 to the exact
value we establish a deviation of 2.7 percent. This con-
tinves through the next iterations.

We have concluded that if the mean service times of the
stations are very different from each other, considerable
capacity exceeding may occur in the model. These ex-
ceedings cannot be sufficiently lowered by merely setting
the counter value z;(k) = 0. This decreasing of the
throughput value also leads to frequent blocking events at
the station and thus to a large increase of the mean resi-
dence time of the predecessor stations. Hence deviations
can occur as shown in the following tables. The tables
illustrate that the increase of the blocking time is the sec-
ond station causes the jobs to be removed from the first
to the second station. The mean residence time of the first
station will be decreased accordingly.

For K = 28:
Exact | MVABLO | Deviation
T, | 11842 | 11436 34
7, | 2619 3.306 262
7, | 13556 14.650 8.1
A 0.999 0.953 4.7
For K = 29: : Y& 1% o
Exact | MVABLO | Deviation
T, | 11849 | 10894 _ 8.1
| 3617 5075 |. 403
T, | 13568 | 14.652 8.0
A 0.998 0.947 52
For K = 30:
Exact | MVABLO | Dev.
7, | 11.866 10.317 13.1
| 4613 6569 | 424
7, | 1359 14.625 75
0.997 0.952 46
For K = 32:
Exact | MVABLO | Dev.
T, | 11.965 9391 | 715
T,| 6616 | 9638 | 457
T, | 13738 | 14666 6.7
A 0.990 0.949 4.1

In most of the examples MVABLO exhibited behavior
similar to the example shown above. In some iterations
the results for performance measures were very close to
the exact values. In some iterations the approximation
could not capture the blocking events. However, the im-
portant fact to realize is that the MVABLO results are
inherently correct.

MVABLO does not handle the deadlock proolem.
Whenever a deadlock occurs in a network MVABLO ter-
minates after looping on one iteration for a predetermined
number of repetitions, issuing a message to the effect that
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the system is deadlocked. In our implementation the i) K =15 jobs:
B | ;
e%f”m'f?l" ll:ml_t ya st ll?/g)v o e MVABLO | Simulation | Std.Dev. | 8,(%) | NOCAP | 64%)
_ For rther investigation O could be improved T 11501 1185 03 30 | 13501 | 139
in an attempt to remove the above mentioned problems. T 0.999 096 49 34 0.999 33
It could also be extended to networks with multiple server 7 2.231 235 L1 20.1 0499 | 788
sthtiGns ky | 1125 11.71 02 39 | 13500 | 152
i k| 09m 095 49 23 | 09% | 44
k| 27170 233 11 187 0499 | 786
APPENDIX A | 09183 0988 11 1 09% | 11
We give results for 15 blocking queueing networks with
various number of jobs. We have a total of 33 test cases B )
with different system input parameters. The deviations 6 i) K = 20 jobs:
are computed using the following relative formula: MVABLO | Simulation | Std.Dev. | 8,(%) | NOCAP | 8,(%)
) | T, | 11793 11970 0.1 147 | 18501 | 545
| Simulation Value — MVABLO Value | T, | 094 1027 50 | 321 | 0999 | 27
&= Simulation Val * 100 T 7212 1224 0.6 016 | 0499 | 93
imulation Value k| 11985 11.840 0.1 120 | 18500 | 562
. k, 1.010 1.016 5 049 | 09% 1.6
~ The first 5 models are two-station-networks where the E | 7332 7144 06 260 | 0409 | o3
input parameters are: A 0984 0.989 0.6 0 0.999 1
Example | K | M, | M, Iy, 1,
1 20| 18| 10] 2 333 iii) K = 33 jobs:
2 25|18} 13| 08 |os
5 S L 12 MVABLO | Simulation | Std. Dev. | 5,(%) | NOCAP | 8,(%)
5 0l 31|24 4 5 T 13.254 13.05 0.02 1.5 315 141.3
T, | 15927 14.49 0.04 9.9 1 93
5 8.455 8.56 0.07 12 0.5 94
The MVABLO results are shown in the following table: ky | 11621 1193 0.02 25 | 315 | 164
k| 13965 1325 0.04 53 1 924
N = k| 7413 7.83 007 53 05 93.6
Example || Exact | MVABLO | & || Exact | MVABLO | & A 0.8683 0586 02 1.9 ¢ 14
1 1038 11.02 63 [[ 898 962 | 64 i
2 17.12 17.57 2.7 7.88 7.42 5.8
3 6.37 5.2 2.3 8.63 9.77 74
3 352 | 391 | 31 a07 | 405 |24 Example 2
3 30.57 30.41 1.6 || 1943 19.58 04 = = v
- _ N = 3 stations (serially switched); M, = 4, M, = 5,
T 5 . % M3=5; l/y.] = 1.5, 1/[1.2=2.0, 1/[1.3"—" 1.0.
Exarple || Exact | MVABLO | & || Exact | MVABLO | 6 || Exact | MVABLO | & i) K=10 jobs;
1 36.58 34.27 58 ||29.84 31.76 7.1 0.30 0.31 0.5
2 13.85 1423 27 ]] 638 6.01 58 [] 123 123 0 MVABLO | Simulation | Std.Dev. | 8,(%) | NOCAP | 8,(%)
3 9.30 7.61 18 1327 14.24 13.3 {| 0.65 0.68 5.1 =
4 39.82 38.56 04 114134 40.35 0.4 [] 0.09 0.10 27 ‘_1 6.925 7854 06 114 4.888 312
5 12440 [ 1247 | 05[|7916 | 7880 | 08|[ 024 | 028 |0 0 8.061 8.206 14 17 | 13.650 | 69.3
5 4.185 5277 24 206 1914 | 637
. . : ky 3.683 3612 05 19 | 238 | 35
In the following tables we list results of arbitrary cho- | p 4204 3343 14 02 | 6614 | T34
sen numerical examples with 3, 4, and 5 stations. Each |k, 2.183 247 24 11.6 0936 | 62.1
table contains three computations for various number of |A0521 | 0468 05 14 113 | 0488 | 42

jobs. These are a) MVABLO, b) simulation, and c¢) NO-
CAP results. NOCAP implies that the network is ana- ii) K = 12 jobs:
lyzed by ignoring the blocking, i.e., setting the station

capacities M; = o, and using the standard product form i M:‘;:;‘O S“T;m Su:)'.;); A S'S? N?(Z:;P 832;9?
solution. T, 9.019 10.030 0.59 10 17.090 | 704

The third column in each section contains the standard 5 8ol 8.780 0.76 8.7 1952 | 717
deviation of simulation results. 81 shows the relative de- %‘ 3223(5] 2;3: g':g (1].8 gﬁ; g;':
viations between MVABLO and the simulation. 62 shows ;i 3.846 3831 0.70 03 | 0964 | 748
the deviations between NOCAP and simulation. This col- A 0.48 0436 03 1.8 0493 | 13
umn demonstrates the effects of finite station capacity on
the performance of the network.

Example 3

Example 1 N = 3 stations (Central Server Model); M, = 8, M, =

N = 3 stations, (serially switched); M, = 12, M, =14, 7,M;=6;1/p,=0.2,1/u, =1.2,1/p; = 1.4; py;
My =8,1/p =10,1/p, =0.5,1/p; =0.333 - 0.5;p; =1forj=2,3.
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i) K = 10 jobs: i) K = 8 jobs:
MVABLO | Simulation | Std. Dev. | 8,(%) | NOCAP | 5,%) MVABLO | Simulation | Std. Dev. | 8,(%) | NOCAP | (%)
T 1.674 1371 28 18 02740 | 80 T, | 14.8739 14.0857 0.8 5.5 | 173739 | 233
5| 5007 5.199 2.8 37 | 50070 | 37 T, | 5482 4.7029 52 165 | 21742 | 537
T 7.639 6.885 2.7 109 | 90397 | 312 7, | 29308 2.9961 L1 2.1 | 12385 | 586
k| 2003 1.850 02 131 | 03755 | 797 k| 55418 5.6390 19 17 | 69399 | 23
k| 3130 3.580 1.3 125 | 34308 | 41 k| 19303 1.7800 54 84 | 08207 | 538
Ey | 476 4,593 11 39 | 61936 | 3438 ks | 0.5280 0.5809 1.5 9.1 | 02392 | 588
A 125 1.338 26 6.5 | 1370 24 A 0.3726 0.4003 11 69 | 03994 | o
i K = 12 jobs: ii) K = 10 jobs:
MVABLO | Simulation | Std. Dev. | 8,(%) | NOCAP | 5,(%) s B
T, | 2.166 2435 78 1 0276 | 886 | MVABTO] Simalitionyl, St Devs o 3il%), 4 NOCAR, |..3,(%),
ol sm 5781 87 7 5603 | 31 T, | 142597 | 14.60780 7 23 | 223375 | 529
n 6.567 7265 12 06 | 11131 | 532 T, | 93476 9.16352 17 20 | 21905 | 76
Bl 39s 1262 109 2 0383 | 882 T, | 4.1795 439325 167 43 12305 | 717
B @l asm |i508) fkedd | sEmy) 05 2| 35 | dan | B 5 | amn |
k, : k : g ;i i
v e | dms | er | 01| i | 36 b | osa | omse | s | 36 | ozs | 13
Example 4 iti) K = 11 jobs:
N = 3 stations; M; = 6, M, = 8, M3 = 6;1/u, = 2.5, . _ead . s
/my = 1.2, 1/ = 1.0; prp = 0.5, p3; = 075 p5; = | MVABLO | Simuiaion | Sid Bev. | 34(%) | NOCAF | (%)
0.7; p13 = 0.5; py3 = 0.3; p3, = 0.3. N ' : 12 :
15 P13 = U.95 Pa3 > P32 T, | 103825 | 116514 2 108 | 21934 | 811
i) K = 8 jobs: T 43431 4.6866 35 73 12396 | 735
Sad k| 59809 5.8099 0.8 29 | 99312 | 709
__| MVABLO | Simulation | Std.Dev. | 8,(%) | NOCAP | (%) 6| 41343 4.3046 2.6 39 | 08200 | 807
3 13.2517 14.4569 3.1 83 17.708 224 ks, 8848 0.8854 15 0 02397 | 73
T 3.5447 4.2267 0.8 16.1 1821 | 569 A 0.4213 0.3913 5.6 79 | 03999 | 24
A 3.0371 3.6230 1.0 16.1 1398 | 614
Ey | 595 | 57657 06 | 24 | 7081 [ 228
ky 1128 | 12026 © | 0.3 62| 0520 567°
ks 0.9667 © 10316 | .28 ©.62 1-.0399 | 612
A 0.4456 0.3088 26 117 | 039 | 02 Example 6

ii) K = 10 jobs:

N = 4 Stations, (serially switched); M, = 4, M, = 4;
1.8,1/py =2.6,1/u3 = 2.8,

M3=4;M4=4;1/[L1

MVABLO | Simulation | Std.Dev. | 5,(%) | NOCAP | 5,(%) 1/ Ha =_2'4' RS
T, | 14226 14.6089 69 26 | 22.6976 | 553 i) K = 10 jobs:
. ! ! 127 | 1 ; —
;J’ Z_g;f g_g:zg 722 = 1.?99754 ;;3 MVABLO | Simulation | Std. Dev. | 8,(%) | NOCAP | 5,(%)
ky 5.978 5.8440 03 23 | 9.0785 | 553 n 3792 5.087 21 25 3792 | 25
k, 2.113 2.3069 23 83 05215 | 773 3 9.339 10.660 1.9 12 9.339 12
ks 1.500 1.8485 38 2.8 0.3990 | 784 13 11.784 10.840 1.6 9 11.784 9
A 0.4208 0.400 6.6 52 | 039 0 7 7426 9530 37 25 7426 | 25
ks 1172 1.404 13 16 1172 | 16
k| 2886 2952 17 3 288 | 3
iii) K = 11 jobs: ks 3.644 3.003 24 2 3644 | 22
k.| 2296 2,641 2.1 13 2206 | 13
MVABLO | Simulation | Std.Dev. | 5,(%) | NOCAP | 5,%) A 0.309 0276 2.1 33 | 0309 | 33
T, | 149643 14.6718 83 19 | 25.1964 | 717
T, | 99864 9.9777 133 0 1.8258 | 817
o 9.1506 7.96%0 44 148 | 1399 | 824 P T IS
k| 5188 | 58677 03 2 | 100780 | 717 if) K = 12 jobs:
B o | s e 0 | ey oS | S | 54 05 {50 Noe [ 6
2 " g y ; y T 8.0907 10.600 13 236 | 4016 | 62
A | 03842 || 03999 il BBl T, | 1123 12490 05 | 10 | 1083 | 13
T3 | 8997 10.12 14 11 14266 | 41
7, | 8319 8.643 17 3 8379 | 3
Example 5 | 265 3.039 13 129 1284 | S8
. k| 3673 3.583 0.5 25 | 3476 | 29
N = 3 stations; M, = 6, M, = 6, M5 =6;1/p, =2.5, | 294 2902 14 13 | 4561 | 571
1/py =1.2,1/p3 = 1; p1; = 0.8; p;; = 0.7; p3; = 0.7; _ k| 2739 2417 17 105 2678 8.1
P13 = 0.2; pr; = 0.3; p3, = 0.3 A 0.326 0.286 13 139 | 0319 | 115




426 IEEE TRANSACTIONS ON SOFTWARE ENGINEERING, VOL. 14, NO. 4, APRIL 1988

iii) K = 14 jobs: i) K = 10 jobs:

MVABLO | Simulation | Std. Dev. | 8,(%) | NOCAP | 5,(%) MVABLO | Simulation | Std. Dev. | 8,(%) | NOCAP | 5,(%)

T | 14459 1357 11 65 | 419 | 6 T, | 16853 2.512 29 329 | 16853 | 329

T, | 12902 14.42 22 105 | 12307 | 14 | 79283 7395 14 72 | 79283 | 72

A 9.655 13.11 47 | 263 | 16916 | 29 T, | 36759 4761 21 27 | 36159 | 227

T, | 13976 12.59 32 1 9261 | 264 T, | 58070 7430 15 218 | 58070 | 218

ks 3.969 3538 13 122 | 1313 | 611 T | 42181 3323 15 287 | 42181 | 287

P 3542 376 11 57 | 4057 | 79 k| 07210 0.988 29 27 07210 | 27

ks 2.651 3418 21 24 | 5537 | 62 k| 33918 2910 14 165 | 33918 | 165

E, 3837 3285 37 168 | 3031 | 77 B2 | 15726 1.873 2.1 16 15726 | 16

A 0274 026 11 55 | 0327 | 257 k.| 24843 2921 1.5 149 | 24843 | 149

ks | 18302 1.307 16 40 13302 | 40
A | 042 0.393 29 88 | 0427 8.8
Example 7 i) K = 12 jobs:

N = 4 Stations, (serially switched); M, = 3; M, = 6; MVABLO | Simulation | Sid.Dev. | 5,%) | NOCAP | %)
My=T;My=51/p =18,1/p =2.6,1/p3 = 2.8, T 3753 3460 13 84 | 17523 | 493
1/ps = 2.4 nL| 76793 9.696 3.6 207 | 96793 | 0

i) K = 15 jobs: T, | 40303 5.556 2.1 274 | 40303 | 274

7, | 83349 9320 3.5 105 | 67349 | 277
MVABLO | Simulation | Sid. Dev. | 8,(%) | NOCAP | 8,(%) | 31672 3.862 14 179 | 47670 | 234

3 o s 5 20 235 T 2% k| 1669 1302 13 282 | 07798 | 40

5| 13150 15.640 18 16 | 13150 | 16 k| 24lio 3.649 3.6 63 | 43076 | 18

= | 18310 s it 5 T T ks | 17936 2.090 21 141 | 17936 | 141

7 R e 4 b Sl ke | 37093 3.507 3.5 54 | 29972 | 145

4 ks | 14095 1.452 14 29 | 21215 | 46

Lo} L4k 1582 24 o 10 LA l0 A | oads 0375 38 | 186 | 0aas | 186

| 434 4.595 12 5 4344 | 5 : 5 : : s .

ks 6.049 5.625 31 7 6049 | 7

ky 3.195 3.197 0.7 0 3.195 0 iii) K = 14 jobs:

A 033 0293 32 126 | 033 126

MVABLO | Simulation | Std. Dev. | 8,(%) | NOCAP | 8,(%)
T 5271 5413 0.77 2.6 | 1804 | 666
T, | 10018 11.830 0.16 1553 ] 11591 | 2
ii) K = 18 jobs: 7, 7.286 2.068 0.59 96 | 433 | 462
T, | 10111 11.540 020 .| 123 | 7651 | 337 |.
MVABLO | Simulation | Std.Dev. | §,(%) | NOCAP | 3,(%) Ts 5448 5.246 0.82 38 | 5210 | 0

T, | 7857 8484 11 73 | 4457 | 414 ks 1.935 1.800 077 | 75 | 0825 { 541

7, | 18.002 2029 0.3 112 | 15360 | 243 k| 36M 3935 0.16 65 | 5303 | 347

7 | 17280 22.09 05 217 | 2709 | 28 ks 2674 2,682 061 02 | 1985 | 259

T, | 12612 14.02 0.8 10 10812 | 228 k| 3m2 3839 032 33 | 3501 | 338

| 25369 2354 1.1 77 1504 | 36 ks | 2 1.744 081 146 | 2384 | 366

k| ss82 5.629 03 32 | 5183 | 79 A 0.367 0332 09 105 | 0457 | 376

ks | 5579 6.13 0.5 89 | 7663 | 25

E,| 4072 388 038 44 | 3648 | 103

A 0.322 0276 1.1 16.7 0337 | 2 Example 9

N = 3 Stations, (serially switched); M, = 35; M, =
30; M3 =, 40', 1/[1,] = 10, 1/[1.2 & 100, 1/[1.3 = 50.

tii) K = 18 jobs: i) K = 50 jobs:

MVABLO | Simulation | Sid. Dev. | ,(%) | NOCAP | (%) ___| MVABLO | Simulation | Std.Dev. | 8,(%) | NOCAP | 8,(%)

T, | 12933 1167 13 108 | 4552 | 61 fo| 189523 1756.00 13 7.9 1.1 ] 993

T, | 27597 24381 22 112 | 16782 | 32 T | 294800 | 2820.00 12 4.5 | 48888 | 733

T, | 31095 28.38 13 95 | 25.845 89 13 99.60 120.00 2.5 169 | 1000 | 167

T, | 20893 19.69 11 61 | 11484 | 416 & 19.17 18.75 L1 22 0.1 | 994

ky 2795 2762 03 12 | 15521 | 438 k, 2982 29.98 06 0 488 | 63.1

k| 5965 5.869 09 16 | s 25 Ey 101 126 22 203 10 1 21

B| em 6715 08 0 8811 a2 A 001 0.01 0.1 0 001 ) o©

k| 4516 4657 2.1 3 3915 | 16 o MY

A 0216 0236 22 84 | 034 | 4 ii) K =75 jobs:

MVABLO | Simulation | Std. Dev. | 8,(%) | NOCAP | &(%)
T, | 3.549.64 | 3198.00 24 109 111 | 996

T, | 260173 | 282100 16 7.7 | 738888 | 162

Example 8 7, | 146092 | 1010.00 79 445 | 10000 [ 90
. . . K 34.97 34.23 11 21 011 | 996

N = 5 Stations; (serially switched); M, = 2; M; = 4; b 25.63 2999 75 336 7388 | 146
My =3, My =4, Ms=2;1/p; =1, 1/py =25 1/p3 ks 14.39 10.77 34 336 1 o1
= 1.5; 1/,,(4 =1.8; 1/“5 = 1.6. A 0.01 0.01 0.01 0 0.01 0
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iii) K = 100 jobs:

MVABLO | Simulation | Std.Dev. | 8;(%) | NOCAP | §,(%)
T, | 3547600 | 3234.00 02 96 111 | 9
17 2577410 2823.00 0.1 8.6 | 9888.88 250
T 4078.130 3328.0° 0.2 225 100.00 97
ky 34.769 34.50 0.25 0 0.11 9
ky 25.261 29.98 0.1 15.7 1 230
ks 39.969 3552 02 125 1 97
A 0.009 0.01 0.2 8 0.01 6
Example 10

N = 4 Stations; (serially switched); M, = 20; M, =
15, 1/p = 10; 1/pp = 5; 1 /3 =

30; My = 40; M, =
i) K = 50 jobs:

MVABLO | Simulation | Std.Dev. | 6,(%) | NOCAP | 8,(%)
T, 20.035 20.13 72 0 19990 | ©
T, | 131570 125.90 3.8 45 6.667 | 947
T3 | 793460 785.80 02 0 913334 | 162
T 60.136 56.85 9.6 5.7 5999 | 55
k 0.996 1.01 72 17 0.599 14
& 6.544 6.38 38 25 0333 | 947
ks 39.467 39.75 38 0 45660 | 148
k, 2.991 2.86 9.6 44 2999 | 47
A 0.049 0.05 0.1 13 0050 | 07
ii) K = 75 jobs:
MVABLO | Simulation | Std.Dev. | 3,(%) | NOCAP | &,(%)
T, 7228 66.50 38 87 | 2000 | 770
5| 609.69 569.40 0.6 71 666 | 99
7 787.36 789.40 0 02 | 141333 | 19
A 59.45 56.85 9.6 45 59.99 6
ky 3.54 - 3.36 3.8 5.5 100 | 70
k, 29.91 28.85 0.6 36 033 | 99
ks 38.62 39.93 0 32 7066 | 17
k, 2.92 2.86 9.6 18 3.00 5
A 0.05 0.05 0.7 0 0.05 0
iti) K = 100 jobs:
MVABLO | Simulation | Std.Dev. | 8,(%) | NOCAP | 5,(%)
n 405.68 389.90 0.5 40 20.00 95
T, | 70554 612.40 0.1 152 667 | 99
7, | 93145 824.70 0.1 129 | 191333 | 132
T, | 31250 239.60 0.8 304 60.00 75
k 17.22 18.85 0.5 8.6 100 | 95
k, 29.95 29.63 0.1 1.1 033 99
ks 39.55 39.94 0.5 0.9 95.66 | 139
kg, 1326 | 11.58 038 14.5 3.00 74
A 0.04 0.05 0.5 12,0 0.05 3
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