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Apgroxitaate solution wechnigues are given for closed networks with mansfer blocking,
grneral service Gme dustribations and FOFS sohedaling disciplines. In Ge first past of iy work
a0 staton networks wath Blackong are andlvred, Tt s shown that the results are oxact I ooe of
e statons postesses negative sxponential seevice tme distribution. For netweris with mire
un two stations the teoughput unalysis techmque s wroduced, The idee is bated on the cone
cepd it a nonblocking network with contudn toud numiber F Jodn Can Be found of which the
weerage number of acuve subons equaly the average number of wiive stations ia the Hocking
network. The throughpat of the sonblocking setwock 5 then appeoximately oqud © the
Srroughput of the blocking network. Since the total number of jobs in the nonblocking neowoek
can be noainteger number, te G MVA Bt used for e computation of tuoughpat values in case
of exponentia] service tme disributions, For the computation of the mean nunder of jobd in
#ach slation the faiteoess of station capacines 1s ignoced and the Method of Mane s s ofigingt
form & execud and the Service rales are adioged, e, the service rates are eaponentalized,
The wetwork s then rransformed into a Markovian network with blocking sdvich is thes enalveed
asing the Suate Nomualization Tochnigue, Analvticel results e validaied by simulation of
seweral surmencsl examples,

Key Words: Clored Queseing Nebworks, Floite Suton Capacities, Mabod of Made, Pardon
mance Measures

i Introduction
In recent years there bas been a growing interest in the development of computational methods t anatyze

guescing networks with blocking. These are netweeks where the stations have fintie capaciies, henis Mocking cas
accur if e station is full 1o capacity. A job which wants 10 enter the full stativn must mfk }i}?& mw station and
Block the source seation uatil 2 place i available in the destination staion. The interest in networks with blockisg
comes primanly from the reatization duat tese models are usefel in the study of the vﬁéﬁi&i@% wb&mma of come
puters and comvmurication nerworks, in addition to deniled descriptons of severst Mww wﬁmcd m»immm

yueh w Hexille wafzatm s sysiems.
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ﬁ%m&mgmmﬂs are classafied i 3 diffoent wrpes 117

Ymngfcr i&mkmg n r;Iu:: 5 vase, the blocking event oocurs when a job mm;zémg Service a SLGon § canndt
ga:w:ms u smucm ; bmm station s full, The job regides in station § 's server, which stops pricessing until
station 7 r:%tm # m This type of blocking s been mgsﬁ 10 moded systems such & production sysems and

ffzﬁk L’f} w!ﬁs&&mﬁms i id,, 3446708212000,

*wmct B ﬁci(mgg I this case, blocking ocours when 3 05 in front of quene at station | declases its desting.
n‘{}n mm J before & stars its service in station i s seever, W the destination staton § 38 full, the § b server
ixawm m@;kﬁi;\ Lo, teannot serve jobs. When a departare eccurs from destnation station £oothe il server
becomes unblocked and the job begins receiving service. This blocking type has bee used 1o model systems
such ;xz;g::?%xmummmm and production systems [9,13,15,261.

“‘Rejm;ms Rlocking™, In this case, blocking cocurs when 2 job Lumnpless service 2t station £'% server and
w&ﬁ;ﬁ_@ :ggmm%mgm Fowhose capacity i full, The job is rejected by station 4. That job goes back 1w station

275 sgrver and receives @ new service with the same medn service time, This acuvity 18 repeated until station

o relgases a }@ﬁ_‘g&‘ﬂp{aw beoomes available. The “rejection blocking™ type has been used o model systems

. such ® Communicaton Wk s, Sompuier systeras with Dimated multiprograouning, production lines and

Hexible munufacturing systems [$,8,14,23),

Formal comparisons between these distingt classes of blocking bave besn carried out exiensively by

OnvuraliPerros (17). Seversl investigators in recent years have published results on Guensing networks with

wansler, service and rojection Blockang, A bibliography conteming queucing petwork models with blocking &

given by Perros {19,

& Model Description ‘

In thiy work we 'izxw%figaze ¢losed queuging networks with transfer blocking and with the following assamp-

tions, There w!% stations and the number of jobs in the system &s fncd 2 K. AH Jobs belong 10 the same class,

Each ﬁgauoa‘%izﬁ & single server and 3 gencrally distributed service Gme with mean value 14y el and

coetficient of variaton ¢, fori = 1,2,..N aving rational Laplace wansform. Each station bas 3 finite fixed capaciyy

B b2 N ) whete (B, = queve capacity + 1), The cases where the stations can have infinite capacity gre also
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sllowed. Any station whose capacity reaches the total number of jobs in the network can be nonsidered to have
infinkie capacity. &mwmwmbywi%xmymmm;%mm&m&%ﬁ”

oumber of jobs in the j-th station has not reached the capacity 8, for i,/ =12....N. Otherwizs, the job is blocked in
the i -th station”s server until the destination station has an available place. The service discipline i sach stution i
First-Come First Served. If there are several stations all linked to station  then it is possible that sny time there
m&gmmbimm&ammemmmmw&amwmwmﬂmmﬁmmmmﬁerd%m&m
m‘ﬁbeaqax!mmmnmmmﬁmswﬁidxm&&%gmmmdwmﬁmiﬁ&mmm%mmj&x
coter station / on a first-blocked-firstdieblocked basis. Furthermore, we assume that the metwark mgst be
deadlock-free. Finite station capacities and blocking can introduce the deadlock simsation. In & simple example,
mkmymifzkhw&hhn.ﬁmmmasx;&m?swwmmﬁﬁnsmﬁwwmty
is full. That job is blocked in sttion i Another job wﬁizﬁk&ﬁﬁsm%m@,ﬁg;g@%ﬁmwm& 10
proceed to the i-h station, whose capacity is also full, I blocks the j-th station, Both jobs are walting for each other.
As a result, a deadlock situation arises. The mwm@mmmmmmm of the
aumber of jobs in the network 1o the total capacity of the network.

Necessary and sufficient condition for a closed queueing network with transfer blocking 1o be deadlock free is
given in ‘the following. First we define 2 cydle € as a sequence of stations (10 Y20 - ¥y) e2ch gy of consecutive
stations is joined by an arc (3, , ¥;,,), including the arc (; , ).

A closed queucing network of transfer type blocking is deadlock free (3], if and only if for esch cycle € in the net-
work the following coadition (1) holds. Simply stated, the total number of jobs in the network s be smaller than
the sum of station capacities in cach cycle.

K<y B ity {;}
jee .A s

A

A necessury xﬁsﬁ%tm@mfwxmﬁmnﬁw&&mm&wm&wﬁgwm ?}v‘ »

K = zaﬁ; @

The Method of Marie I‘iﬁ},,mﬁmfmﬁﬁﬁmm%ﬁwmtmmmmw%mwmm
class queneing networks with mexpmmm servers, Therefore wmtﬁc#ﬂa&ﬁfﬁmmwmmﬁgm
of transfer blocking aemismgm service time distributions. ' 20
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3. Method of Marie

“The algoathn steps are cutlined below:

1. Porany méan 1 and any squared coefficient of vasiation ¢* 2 0.5, itis possidle to represent a station’s server

bya ﬁ‘«;}xzmeé&mi@ Egmw {16]. The parametsrs for the Cox distribation is detormined by

2. lterative Pact

&

A

Moy = 23, (3a)
iy = M%E {3by
£
i
& w 21:‘* {303
§§ a5 f{«-ﬁ‘ {3‘&}

4 donote the service rate at the j~th phase {j = 1.2) of the i th station i = 1.2,..N) and a, be the
probability that 4 job upen completion of it service a1 the jh phase will proceed 1o the (J + 135
phase and &, denotes the probability that & job upon completion of s service ut phase j will depart

fror the statich.

¥

The arrival fates to the i -4h station are denoted by A, (k). To determine the foad-dependent arrival rates
Mﬁi 3\ iféﬁz :;»:}m,.x yof asttion § {ori = L. N}, the {-th station is shorted, Le., its seevice time
is mv m z¢r0, The g;;bwmxx containing &l mﬁm{w s sssumed 10 have prodect form wiluden
Qk&ch i then analyzed and the duoughput vidues X {&) are obtained by any product form network
algocithm such as mean value analysis or convolution algerithm (251 The load-dependent arrival rates
20k 340 the i <th station are then:

WY = N K ~k) for k=01, K ~1 @
tis dear that 16 & jobs are present at the d-2h staion, then (K - £} jobs remudn in the subnetwonk,
Thus the throughput of the subnetwork with (X — &) jobs is equal 1o the arrival rate of the ih staticn
with & jobs. Note that

: : y | MK =0 3
singe 1o job i in the subnatwork and consequently the throughput will be zeto, X (00 =0, In this way

each station is shored and the throughput A’ of the coresponding subnetwork ¥ computed and
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assigned to the according arrival rates %,
i}  Compute the conditional throughputs v, (k) using [16):

b AR ey + ey Moo

Vs = ALE) 4+ — ViR~ €]
whers
& Ry + W tea
1) =
Sy A d b a Wy i
i) Compute the equilibrium state probabilities for stadons § « 1,2,V using:
@& = m}ﬁ i KT gy ®
;u B ol v:{“’*‘l} : St 2 b By
where
£ NI
Fi= {H» ?,; gﬁ v;{;wi)] ®

iv)  After each iteration check 10 see if the sum of the mean number of jobs is equal 1o the w1al number of
Jjobs in the given nepwork within ¢ wlerance level ¢

i ¥ x |
-X Lok f»‘gik}i :
i Lo ‘::i < g j g i)
I the test is ot successfol, ten adjust the seevice rates;
wk) = wk) fork=1,..K e (an

nformally equation (11) states that the conditional throughpus, squations (6 and 7) are sssumed 1 be the
mew service rates and the next iteration is carried out with these new service rates. lterations continue wnti]
acceplable wilerances are obtsined. £ is 2 tolerance level. Usual value is £= 107%, :
Note that in the first {teration the service rates of sach &&mmmmﬁy@m smhmg:, In Future
iterations the conditicnal throughputs v, aﬁ,mamummwmmmwmm
4. Two Station Networks with Blocking
A state of g station is denoted by 3 pair:

&={k.f)
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where o s £ ?‘;

¥ is the numberof jobs & = 0,12...K

i xszim p&memmm, = 1 b 3

A aéﬁ&iémﬁ fmm am: state w another takes place either when a new job arrives or when 2 job leaves the sta-
ton theough eitber phase. We will represent arrival rates by A (&), where the smival rates are dependent on the
number of jobs it the S1ation. Since we are dealing with two-station networks, it is clelr that the arrival rue 3, (k)
of the i -th staion i squal 1 the service sate of the j b station for 1, = 1,211 £ j. A job leaving the station after
phase o za deaed by ;:,, {x} el Is the departure rate of 2 job leaving e ;stgi’mm after phase two, A job
coders o ghasmsm ;a gtam &j}.ﬁ,;{i} and may do 5o only afler receiving service i phase one, The stue (0
denotes thit 0 job is in the § -th station,

The Foasible staes for the iﬁmmg network are obiained by considering the fact that the number &, of jobs in
the {-th station ray st excoed the capacity of the station £;. On the other hund, at Jeast (X ~ 8,) jobs can be
accomedated &y ﬂx&:i m stafm due o the capacity restriction of the j-th station. The number of jobs in the it sla-

tivm has the fmiiaw&sg hounds:

W81 8 & 5 8 {12}

The iomediate neighbors of a feasible stae represent the blocking stues in the sevwork, Le., whenever a an-

SO0 ONCUrY fagmg, o stale 10 anather siate whete the capacity limit of a station would be violaed, we 2ssume that
the transition umm a Mmkmg &f 2 server of that particular station. The immedigte mxgtsmm of the Teasible staies
are mcia&eé in xh:: :.w:: xgzce of mc blocking network. Escept for the blocking states denoted in Figure 1 by a "™,
all the other staws vmts{mg the stalion capacities are non-feasible aod are cancelled. The bounds, equation {123, for

the number of m%ss mihe i t%a station are extended a5 follows:

K-B, -1 S k S B4D) a3

We obtain then the complete state space tor the blocking nerwork as follows:
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Flgurs 1.
As in case of Markovian networks [1], also here we can find an equivalent network without limitation of sta-

tion capacities with appropriate total number of jobs X which provides exactly the same state space structure as the
blocking network gives in Figure 1. The equivalent non-blocking netwirk has the same number of stations; the
same generally distributed service times; the same wansition probabilides. The caly difference is thae the station
capacities are unlimited, hence no blocking can cccur and the total number of jobs in dok Systems i not equal,
K = K*, where X is computed by [1;

K =minfk Byeenminfk B+ UY~K {14)
The state space for the non-blocking network with X* jobs is given in Bigure 2.
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i a2t 3{2/‘%
L 2 o
P, }fx‘-»za A
g’* 14 b %"“ 12

A3 ki
P A
Figure 2,

The non-blocking setwork with &7 jobs is analyzed using the Method of Marde [16] deserited in secdon 3 and
the marginal probabilities p,{n }, squations (8 and ¥}, are computed,
The marginal probability that there are k jobs In the L4h sation of the two-station network with trangfer
tilocking is obtained from the marginal probabilides of the equivalent non-Blocking setworks
gk sy = PN for s =012 .. K ti=12 {153
whete & 15 defined in the range given by equation (133
The mean number of jobs is computed by:
5 2
EKy= 3 aopin) 4 BpBely+ K-8 pK-8;~1) {16
g o,
fordi f » 1.2 5di%].
The throaghest of the blocking network is obtained by:
LK =11 -p0y] g for is12 (17
The mean residence time (time spent by 2 job in queus, in service and in the biocking phase) is caloulated by

Lide™s law.

for LY. {18y
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As gererally known and also ms mentioned sbove the Method of Marie [16], MM, i & spproxinution
method which is one of the most accurate techaiques for closed single class queueing netwndks with sonexpoteatial
servers. Even though the state space transformation concept is exact for two-station Maskovian nmetworks [1]
because of the MM the resalts obuined so far are approximaze. However, 84 provides exact solution, if one sta-
tion has negative exponential service time distribution and FCFS service discipline. Consequentdy, two-station
Blocking networks with one station having negative exponeatial service time distribution can be solved exactly.

3. Approximate Analysk of Multiple Station Netwarks with Blocking

Asmﬁmedwfmmwwm:mﬁwm&a}ahmimm«%i&%k&{ for further
computativas. In order to deranine these arvival rates, ﬁs&:«ﬂsmkmmsmmmmmwm
The subnetwork containing 2l remaining stations but the {-th, is assumed to have negative exponensial service time
distribution. Tin other wosds, the subsictwork is @ Markovian network with Snite caiacities. Using #hé thioughpet
algodthm for Blocking networks [2] the Markovian subnetwork cwi&hewﬁywmm&mngmt values vould
be cbtained which could then be assigned 10 the accoeding arrival rates of the i-th stution. Wawereh, & major prob-
lem: arises in the selection of the entire capacity of the subnetwork during the analysis of s 1248 Sation. If the
capacity of the subnetwork is selected as o

Bg = 2 8;
g =

{where ¢ represents the subsystem). ;
our study showed that this overestimates throughput, since the shorted station can be blocked in fhe actual network
with less than B jobs in the subsystem o,

Another possibility is using a capacity weightad by the transition peobabilities from fhe shortsd station 1o the
stations in the subsystem & RO i

By= 3 B py
FE
However, we discovered that this underestimutes the throughput.
‘We pmit in our approach the problem of nding as appropriate capacity Tor the subnetwadk, Qur aporoach is

described in the following chapter.

S.1. Throughpet Analysis

In case of dlocking networks with ¥ » 2 stations, there exists no equivalent M*MW &2& 4t
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somorphic state space a5 i the case of two-station networks with biocking as shown in section 4.

However, we c&& ﬁzﬁ a nonblocking network with appropriste number of jobs &7 which has approximately
e same ﬁxﬁagmx a5 the hﬁw}:mg network. The nonblocking network hus the same number of stations, the same
pencrally distribisted service times and the same transition probabilities as the blocking network. The only differ.
ence is the total mimber of Jjobs K in the nonblocking network, where K is smaller than K, K* is determined ina
way that the average number of active stations in the nonblocking network equals the average number of active sia-
tions in the blocking network. A station is active, if it contains at Jeast one job and it is not blocked.

:*{awvrtgsa thg aigonithm provides noa-integer value for X°. In case of geoeral service time distributions we
round up ﬁ:‘ w ﬁm :gs:x; integer mumber and analyze the non-blocking n:iwar?i by the MM, described in section 3,
which is applicable oty w.ﬁctwa&s with integer number of jobs. This will be explained in the first part of the fol-
lowing secgmé, e ko

If i sutions of the network have exponentially distributed service times, the nonblocking network is
analyzed witb :he qm:s:’xfa;ae analysis {115, in short form ( gemva), which &5 2 modification of the well known
mean value ‘;mgi};*;x‘.? {2.%; ?9: x%éiwcrics with nonisteger total number of jobs. This will be explained in the second

part of the following section.

5.1.1, Non-exponential Service Times

The correct deteemination of the number of jobs &” in the nonblocking network strongly iafluences the accu-
racy of the method. We compute X a8 follows. First we define & « (& peeokp ) 28 2 state of the network where &, is
the number of jobs in the i -tk slation, A state ks feasible, if the number of jobs in each station § satsfes the follow-

ing inequality:

ks 8,
Additionally, we have 1 consider the blocking events in the network, In order 1o obtain the blocking states we
determine the number of stations which can be blocked in sach feusible state o, The station § can be Mocked ina
state . f it has at least 0nc job (4 > 0 and has a positive transition probability (o, > 0) o 3 station J, (k, = 3,)

which s full at its capacity, Le., &, = 8,3 Considering the fact that po station, one station or several stations can
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be blocked in m we compute the possible wtal number of siblings of the feasible smea% & fa&w&

2y = 2* iR 19)
b, denotes the number of stations which can e blocked in 2 feasible state m. Note that the feasible state m

is also counted in 2, . The total number of states Z In the blocking network Is then obtained from

Ed E 2
AR E Lo ¥ E 2’"‘ ) m
el o wl
whete » is he maxinmom number of Teagible states,
Next we determine the number 4 of stations which are active inall states Z.
= b,
Am T oz By = e ; on
W g 2 . i

whete 4, is the number of stations with ot Jeast cne job in the m-th feasible state.

From this we obtain the average nurmber r of the active stations over all states:

e ?g i e LR (e ¥ (22
QOur objective Is 1w compute the number of jobs X7 in the comesponding non-blocking netwad such that the

average number ¢ of active stations in the socablncking network equals r, equation (22).

The total number of states 27 is computed frors the binondal coefficient formula

The number of active stations &7 wzmmmmwimfmmewmgm

z
Am ¥ oa, L 28

oy g

where g i the number of stations with at least one job in 2 state m.,

¥ s compured from:

#

’r* - % »’l;‘xi\u_a_ m}

Note that 7 is strictly monoton indreasing with X7

PEY < 7K+ : 26
and is bounded by:
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b Tt R drive § 1€ P e N 3%

where ¥ i3 the number of stations in the network,
.. The value for K is non-integer and is between two integer values L and £, + 1

Filijer « i+ 13 {28
From equations (22, 25 wnd 28) we obtain
o ¥ 1LY
; 4 ; AL DL~y
The ggygﬁmgé@g{mm@mg notwork with £ jobs has approsimately the sume throughput s the blecking

K o=

29

network with X jobs (28

pr o Bk AT R My = MK 60

_ Incase of general service ume distwibutions we analyze the nonablocking network with the MM, given in sec-

ton 3 As ,métmm ﬁ&m é“ s non-integer value which must be rounded 1o the closest integer value, & is

exactly ia the méziit Of two integer aumbers, the higher number & selected. Note that theve exisls aa integer &
only in ‘{M faiiﬁw;:sg s‘:&ss: A

<ty

_ ARy = (35
The tvoughput of each stiion in the biocking netwink are compated from

1K) = ¢ MK) 674}
5.1.2. Exponential Service Times
- As mentiooed in the deginning of this section the non-blocking network can be analyred with the non-nteger

aumber of jobs X7, i all stations have gxponentially distnibuted service dmey, For this we use the qamva {11

wherg

; K =L 4+ g
and L 3¢ the next smaller integer number of X7, In the following we outling the qmva:

a-mean yalue andlysis:
» {nittalizidon:

E@=0  for i=12..M
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QXWﬁﬁm %“{}d ;214««.{4
oMean Residence Time of Jobs in station 13

G+ = ;&%[iw@ihi«tx)} 63
o Toeal Throughout
. &+
ME 4o = — {34
S8 ke
i}
o Mean Number of fobs:
ko) =Mk +0)q ik +a) for i=12.N 35)

The a-MVA computes the throughput of a closed queueing network with exponentially distributed load-
independent service times and non-integer number of jobs {111,
52. Computation of the Mean Number of Jobs

The given queusing notwork with finite station capacities and genesally distributed service times with mean

2

iation ¢;* is assumed o huve infinite station capacities. The MM given in

vilue g, and squared coefficient of va
m&%%a&g@:ﬂfmuqﬁw&mmmﬂw&mmmdmmﬂmmgﬁpmaqmmfﬁm?}wmﬂe
&mmﬁmwﬁmmgmt&mm& The network B8 then assumed o have ﬁmzammcmﬁmmth
the adjusted new exponentially distributed service rates v, (k). This Markovizn network with blocking can then be
analyzed by the Method suggested by Akyildiz [3], In the next section we briefly cutline the computation of the
mean number of jobs. The steps of the approach are outlined below:

| Given Genesal Blocking Network |

Ignore the Finiteness of Station Capacities 5
and Obtads a Non-blocking General Network Migleres
(Compute v, (k) by the Method of Marie described ia Section 3) |

|

Obain a Markovian Blocking Network
with Service Rams v (k)

Figure 3.
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The concep s based on the idea that the non-feasible suaes violating station capacities are nommalized, L,
the states are adapied 10 the aflowed capacities of the stations, The normalization of the states exceoding stxtice
wmsmawm&@mw&azﬁmmfmmwwmwmmxmﬂmmwmmxm@gm
tion exceeds its capacity, & ;&,Mm@ua&wm;mamm&mﬁzmmaammmm
exists [3): e '

{36)

The informal interpeetation of the formula is: if the capacity of 4 station is reached in a state, the number of
Jobs in that station is-serequal 1o its capacity M, (first torm) and distribute the remaining number of jobs in the
predecessor stations according to the tansition probabilities (second serm).

KmMh@d%ﬂ&%immmxmwm_mﬁmp@ in the normalize-
Goa procedure, equation (36) causes the number of jobs k; in & state 1o have noo-nteger values. All son-feasible
stutes £ &ﬁwq&m@gnﬁ&mkmmﬁm kyx;a:ﬁw{}&%ja&dim%mﬁmiﬁm&mi&%%
the capacity limit of cach station in the blocking network: i3

A& =)

where & is the aormalized state for the blocking network. The function A transforms the noofeasidle state (£ J o
the feasible state (£ 3. )

By the normalization procedure an squivalent state space structyre is obained for the blocking neework. The
only difference between the two stale space structures is thi the jobs se distributed sccording 10 the station capaci-
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ties in the state space of the blocking network,
The equilibrinm probability for the feasible states in blocking networks is computed by 133
)= % 2@ | 37
PR Y

where

P" k") represents the equilibrium state probability distribution of the network without station capacity testric-

tions computed by (125
&
» 1 o & ]
PEY=s — ] | 57— 38
e
where

¥
€§ - E !} ﬁﬁ
#5l o
is the mean number of visits that a job makes o station i and G(X) is the normualizition constant sech
that the sum of all probabilities sum up 10 unity. &%
v; (k) are the computad service rates from the MM given in sectica 3.
Performance measures such as the mean number of jobs & at the i-th station are computid B [31:

k&= £ RE) p® fxi=1, N 9
;;Mta&

where the function J;(£7 ) is the i-th component of the funetion 2(2"),
The mean residence time are computed by Linle’s law, equation (18) where AAYs are dotormined fom the

previous section,

&, Evsluation

All algorithms presented in this paper are implementad on & VAX 11/780 system, %vmfmwiagmm
Cuted for the validation of the algorithms, Back aetwork mode! is analyzed by varying the nurber of jobs or the
coefficient of variation vﬁmﬁwa&#ﬁmaﬁa&sgwﬁw&m 3 10 100, the number of stations from 210 6, The
#nalytical results are compared with simutation execated by RESQ package {251,
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As can easily be seen in the following chart, the tuoughput values of the 60 examples are in the range of D 10
5% deviation. .,

Nugnber of Exsmples
4

35

§§ S E}w,i
.5 .3 W13

Figure 4,
For the computation of the mean number of jobs & the nonfeasible states are normalized. The normalization

procedors takes fuidy Jong run me for large networks, Compared 1o the troughput values, the ervors in resulis for
the mean number of jobs are higher. The reason for the high deviadons is based oo the combination of two approsi-
sate technigues for the malysis of blocking networks with geaeral service time dwmmﬁ% The method of Made
in s ouging {ams s 38 own deviaGons, Additionally, the state normatization technigue 3] for blocking networks
with exponential service time distributions has s own deviation. The accumulation of these deviations provide
large ervors (20 6r 25%) for k, as shown in the following chart. However, 4 itcan also be obgerved in the chary, the
273 of the examplés have'deviations in the range of 0o 10%.

Humber of Examples
&

414

e Dev. %

Q-3 3.1 10-315 1508

Figure 5.
Note that both methods {computation of troughput and computation of &) showed a stable behavior. In the

{ollowing six examples we give our appeosimate results and compare them with exact (in case of two station net-

works) us well as simulation reselis.
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Example 1.
In the following example we viry the values Tor squared coefficient of variations snd obtain the performance
measures for two station blecking netwaorks,

Sution ﬂg

....s
o
i k3 I

1’ k 5 % 2 t
19790 | 55198 | 44802 |
15469 | 53887 | 46113
17769 | 52071 | 49928
16632 | 51821 | 48179
1.5186 | 51833 | 48167

A %) &y (%) %5 (%)
1.9761 | 015 | 54900 | G54 | 435100 | 066
15468 - 53887 - 46113 -
19992 | 124 | 52333 | 050 . 47667 1 055
16006 | 167 | 52010 | 036 | 47900 1 039
15273 | 057 @ 53863 | 006 | 481372 ] 006

15402 | 53382 | 46618 | 19402 . 53382 - 46618 “
15038 | 52601 49399 | 19038 “ 532601 - 47389 | -
12510 | 53463 48537 | L7510 - 51463 . 485377 - -
16497 | 51290 | 48710 | 1.6497 - 51290 . 48710 -
1.5152 | 51322 | 48678 | 15152 ~ 5.1322 “ 48678 -

16772 49461 | 52539 | 1.6791 | 041 | 47496 | 007 | 32508 | 006
16498 | 47042 | 52058 | 1.6488 « 47542 - 5.2088 -
15719 | 48910 | 53090 | 1.5682 | 024 | 43883 | 006 | 51117 | 005
L5318 | 49325 | 50675 | 1.5267 | 033 | 49298 | 005 | 50901 | 008
L4831 | 49771 | 50020 || 14789 | 028 | 49757 | 003 | 50043 | 03

where 8 denotes the relative deviation of approximate results from exact. Note that the results in the Table are sxact
for cases where one station has exponential service time diseribution (e, ¢ = 1)

Example 2. & = 3 Susdons; K = 9 Jobs:

Sadon | 8, | w 1oy | 20l o0

1. 5 12 g 05 05

< $ 125165190 0.5
i3 513 08510510

Bef =05; ¢f =05; cd =05

Simwlation | Appoximate | Deviation | | 0
A | 18643 1.7092 832 :
ky | 40508 42217 423
ks | 25075 29217 6.39
ky | 20419 20566 0.72




300 1 Akyildiz

el =100; ¢ = 100; ¢f = 100;

Simulation | Approximate | Deviaton
A | L1307 1.0807 442
kg | 36094 34390 432
&y | 25467 28317 031
A ky | 24438 26233 7.34
iefalief=lcf=1
Simuladon | Approximate | Deviatica
A 1 L3544 1.5885 $.46
£y | 38454 40681 519
&y | 25265 2,798 464
ky | 22280 23410 390

Example 3. ¥ =4 Stations; X = 10 Jobs;

Sation | B, | | P | P P | Pl
1 51310 [06/08]0 |
2 7 2148 g 87 103}
3 4 4 10 O g i
4 5 4 108 0219 ¢

Def =05; ¢ =058; ¢ =05; ¢

By
g
ia

Simulation | Approximate | Deviation
3 | 22903 2.1618 478
k|2 22159 206
k; | 49950 4.7341 522
k | 09961 11102 1145
ke 1 18372 {8398 555

ief «05; zg =9 c§ =9 ¢F =058

Simalation | Approximate | Deviation
A | 17243 1.6801 256
k| 25932 23427 $.66
& | 39388 44082 inm
k; | 12871 13005 1M
By 1 21800 10398 131.04
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el =9 c w08 e =05 ci=9

Simulation | Approximate | Deviation
A | 17239 1.6498 430
E | 21848 2.3519 7.6
E, | 40418 | 40038 0.94
ks | 11878 12004 106
kg 1 25858 | 24439 548

el =9; ¢} =y efd=9; c}ed

Simulation | Approdmae | Deviatios
A | 18417 13422 690
k| 23042 23897 0.19
k| ana 3.9009 5.03
& | L3621 1.3606 0.11
ke | 25205 23487 745

Example 4, ¥ =3 Statlons;

Station ,E; o1 sz

1 512 09

2 i1 g

3 10 13 05

4 0115 4

5 7108 @ 16

X =50 lobs
Simulation | Approzimake | Deviation
A o 08784 08592 307
£, | LBGR2 14738 2085
k, | 216968 18,1720 1628
ky | 63194 63092 620
£y | 144997 16,6882 1509
ky | 56148 69579 2352
BX =60 Jobs
Simulation | Approximate | Deviation

A 106314 0.6676 573
k1 22822 1.6878 28
ky | 271543 245087 925
&y | 68353 77180 129
k, | 175528 19.08%92 6.1
ke | 58264 69982 20
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HK=70bs |, H
' [T Simutation | Approximate | Devistion
Jx [os0e7 | 0s43 7.03
& 43068 | 35158 1832
e & | 293812 | 299568 025
& | 941 | 95399 128
1k | 196738 | 199876 16
1k | 66983 | 7.0000 43
itgfmm
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