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ABSTRACT

Newworks of paralle]l queses with interdependent service capacitics, finite baffers and
accessibility constraints are stedied. An invariance condition i provided in teems of the ser-
vice and blocking peotocols. It is shown that this condition guamatees a product fonm for e
equilibrium statc peobabilities. The solution unifies various existing product form results sech
as for reversible networks with blocking, notworks without blocking but $iation buerdepen-
dent servicing and networks with exponential (2.8., FCFS) and nonexpooential {e.g., Processor
Sharing)} quenes. It is shown that the equilibrium state probability distribution has the insen-
sitivity progerty, 1.e., it depends upon the service requirements only throughout their means,

Key Words: Product Form, Insensitivity, Paraltel Queues, Finite Buffers Blocking

1. Introduction

Product form results for quenting networks and their relationships with notions of partial balance have
beot extensively stodied over the last two decadey [56,7842,16,18). For exponential nctworks with g fixed
routing, 7o blocking and station independent servicing the prodoct form is a common feature. For networks with
Hocking o load dependent servicing the results are much more restrictive. 'ﬁmpmdw fm“ﬁ generally s
tricted to cxporcntisl networks with finite quene size consuainis provided the mmng t;ﬁt;&tg;ie&& reversible
and the servicing is loed-independent [12,11,16,19]. Although blocking results w:f.h mzcs«miﬁt mﬁng have

hh
Pt

been reported {11,121, varions situations with capacity constraints remain open m "’M;wﬂh routing which is

only partially reversible. Conversely, for cxponential networks with fixed m«tﬁr&g - blocking, product form
resuidts have also bean repored with sistion interdependent servicing provided the service mains at & particulsr
queve are defined by & specis! functiona! foom [7 16

These product form resulis Tor exponentigl networks, remain valid for setworks with non-ecponential
quenes (insensitivity phenomencn) provided that at these queucs a detailed notion of pantisl balance is satisficd
per position o per job local or job-local balance). These conditions are satisied when the service discipline is
symmerrie (4,7.8,16] o satisfies a muore general service invariance wxﬁm {11

Akyiille's work wan smpported o part by School of Iaformation sad Computer Sclence, 105, dw?«&
wnd by the Alr Rarce Office of the Sciestific Resarch (APOSR) under Grant APOSR-85.0628, b
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The ngtwork model considered in this paper has 50t been covered by the shove toferences because

D iacludes blocking due 10 common constrints of collections of paraliel queues,

W allows service imerdopendencies within such collections and

i) it does not require reversibality of the routing all over but only where blocking can oocus.

The Fuerature on sysioms with paraliel guoues i rather extensive due to their practical Interest but has

boen re:s&mwﬂ W, w:mmm%; shared pools with assumptions of Poisson input and exponentiol service

i, i«i mﬁig um these . assumptions peoduct forn ol have beon ¢

whed. lo practice, however,
z;ﬁtz‘mmzai ,m%;t 35 rather resrictive and dnput oo in closed systoms are penerlly ton-Polsson,

This papér aims W exicnd the above results 10 non-exponcatial service, non-Poisson iRpu requircments
and mcxmmami:%gg of ;m:ii&i quenes both with mespedt W relecting and sorviclag jubs. The maln rosulls of

this paper a6

i M tzxsmsmm product foom expeession

WA conceets Plocking o service pvaiae condition

wh A pumbes of new product form examples wah the sovel aspects of!
A gewgz terdependent blocking of paealtel qucues
by A general interdependent servicing of pacaliel qucucs
¢ A mvmsizk: routiag valy where blocking can anse

‘i‘hc mazx’ of :;ic gax&m form result & straightfornand and self-conmained add is based wpon verifying par
e ai:zx ixzwm umimwﬁ The msenaavity is esteblished yang he votion of bulance per job and an mcrmedi-

ale stop mm m;xwm of Eriang disteibulions,
Ah}mgfs mwﬁmw@r cesults are well-known (20,231, combined rﬁmlxs such 43 in s papor have not been

seponied mp‘mm b:;"m. twmi!fx“ﬁ y. we are considering features Iike blocking and service interdependancies
in the metwork rmxﬁ&:i %?iieﬁi wis ahuo not addressed in combined form Dofore. Moreower, dus paper providis &
et m«ma% irs wms; of systems protocol in contrast © abstract coodition of reversibility requircments
{16,191 o Poisson mwi w&um;ﬂm for Blocking 1o ke place [21] or scpambility assusptions (1417 Thiz
concrele condition unifies and cxiends peoduct foem examples (9,15.17,21,22] and provides peoduct form Bloack-
ng «xsmw ;f%;?ga anmmmg setworks with malticlass and parallel guose imsrdependencios. Such a condition
has not beca mW bedoee,

The preseattion is restricted 1o closed quoucing networky, However, the euension 10 open quecucing net
wiptks ig ngg%&tfwwmé«

The wwzmﬁn of this paper is 4 follows: Section 2 desenihes the various mode] protocols, The cssential
invarines condiion for e Plocking and sorvicing proteols « presented v‘m seiction 3 The product form resull

15 derived o section 4,
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2, Network Desceiption -

The system consists of ¥ statons huving maltiple servers and 8 fixed number of jobe, m;c are T possi-
ble job types. Each swtion 5 has Q) paralic! quaues, for s = 1.9, A job enwering station 1 tequires service
at quene ¢ s depending on s present type £, After completing service a job of type 4»&1 quene gls 2y of sa-
tion & goos with probability pfd 10 the queue ¢{s"4" of the station 5* and chaages its ;31:2: w ", The jub can
be rejecied by the destination station & based upon the present job configuration at that station. This Mocking
and 1 protocel will be described in seotion 1. Vardows queses o o station provide serviée gt interdependiont
service faies a8 will be described in section 2.2, The service allocation to the jobs at & queus is governed by a

quosetng discipling which will be desoribed 1o section 2.3, Tn section 24 we specify the service distributions,
Plockes  {1eaMedng

%ﬁf;i%,f T
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Fipure 1. Swvctare of Sudon &

4. Blocking Protocol

Let a, = {n! 82, .. .}y donote the stme that n) jobs of type ¢ :w:;xmm: ot stton g for
#1200 and s = LN Suppose that a job of a e ¢ complates sorvics @ Wﬁm 5" and requests strvice
aistation 5 with ity type number changed into 1, while the sete i A,. This request is %»;cs;ﬂﬁwim probability
Adatery LE and e ,}%‘_i& llecated 1o quene ¢ a1 sution 5. 1 the request is te)ﬁ*x;éﬁ i?i?i b mam 2 type
nurnber ¢ and bas 10 :mw; & new service st station £ as a new arriving job, Note a the rejecied job is
always accepted by the source station. This blocking protoco! is known a¢ the sejection %’,}1 22 m’fﬁ’m M3 o
communication tlocking {16,231 w' also ay repettive service dlocking (3],

One may obatrer the the function Adgis ) 1EY dllows the Bockng m‘:ba’hiﬁiy of atype t b 1w
depend oot only on the ol sumber of Lype ¢ jobs (such ag due 10 4 capacity constraing a1 1he sorresponding
quise 41529} but also on the number of jobs of other types {such ot due o 3 cenmon e ougut channell,

This multi-type dependent blocking will be restricted by 1 general invariance conditon in sectlon 3.

(ki

# 2 s, Go et WA
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2.2, Service Rates

i seation < mmm& = a)  at, < . al ) denoting that #] jobs of type 1 are present at one of s
quenes, then the number of jobs at cach individual quewe is given, since cach type-t job has a corresponding
quens m.assfnmgeu}; i ,

'fhc r:;swnt whm&qu ¢ provides service 16 given by

oyt ’: LR CIEF SRR
whire we assume, ﬁxx; ‘thifg.{utx:ﬁﬁﬁ has either the value § if there are no jobs  quene ¢ or has positive value
o Muote that hy this definmon we alfow the rate out of one quese © depend on the number of jobs at oty

quescs, The senver ;@:Wﬁimﬁ:y will be aostricted by a gesord fnvatarce condinon i blocking protocet
defined in gocuon 3,

RN

2.3. Serviee Disciplines

Consider a2 quewe ¢ ol stion oo oand g job  configurstion st this  sation given by
£, o= dntaaty veooonliuLet 1, be the number of jobs @ this queue and now that ©,{gist) 1 &) is the
ttad amount.of service, wovided g tis quens per unit of tme. Thes the service allocation w the ndividiad jobs
a this queue i gmcx-fmw positions as follows: Suppose &, obs are posivoned &1 L. Then 1, o 1A}
% the Traction {;f,‘.'ii’r;,zémi, amount @ {g{rg) LE) awigned @ the job at e pel posidon. g o= L,
IR TR th 3 s the probubility that the last entered job ot queue ¢ from the obs peesent has beon assigned posi
W pLp u TR A ‘

When o job at posiion 2 completes I8 service 1he jobs i positions pel . x, shifl 10 posiions g5, -1
Wit 2 gob s assigned postion p, the jobs at previtss positions o3, m shifred o positions priaag + L

W assume, that -

X Foale 1#) = g&w P iy =1 {1y
# &

We Wil distingosh wo gpes of service disciplines, A duscipline 1 said W b mosnaewnriric when #

adopts the ghove descapon without farther conditions. A disoipliog Is soid 16 be symemetsc when n addition

' y i%«xw% A = §;,§(§” i A = i,«m,‘iﬂ for ali & 2}
et § e the set of all symmetric service disciplines [16]. Chandy and Martin [7] call them sration
balancing. Various disciplines can be paramerized in the above manner [16]. Most notably are the swndard

BUMP disciplings 5%



» FCFS: First Come First Served (§ §)

& P51 Processor Sharing single server { & §)

o 18 Infinite Servers (& )

o LCES-PR: Last Come First Served Pre-omptive Resume { ¢ 8)

24, Distribution Functions
The service disuibution of & job of class 1 a1 station 5 depends upen the service discipline of Hts quece

g} and has o distribution function of the fonn,

E( 1) for qlsa3d S
Gy = " : 53}
3, aik) Etka for g e §
i $ul

whore E 0 denotes an Erdang k-distribution with nwan ki ond al{k ) denoes Qw'meh@!ﬁiizy tha the diserd-

bution consists of & successive exponential phases with parameter v] assuming ¥, alfk) = 1 Hence,
£ 4

o for  qlst) 4 &

Heg
v=d . @
LY Al Etkwvd for  qisa)e §

& 3

is te menn service requirement of 8 wpe 2-job 4t station & while

£ 3 an
Riry s £ e is]
ik (v o L

i known from the rencwal thoory a8 the sutionany excess probabitity of ¢ miﬁuaé lmmnmzmé phasts up lo a
next renewal oA seaewal process with ronewal function G for ¢{s4) & 5. Informally, the. function in {3)
rouires 2l jobs at 2 nonsymmetde guese ®© have an cxponemtial servion with nm andd thy same parameter

regardless of jub type, while a job at a symmetric quowe may have a gonersl mixture of Brlang service |
distributions depending on iis b type. The rostriction o these mixtures will be used in secton 4 w justify a
Markovian analysis, The proot of our results will thus be esublished for these mixtures only, B & wellknown,
however, that soy nonnegative probability distribution can be arbivarity closely 39@@;5%&& v these mixtures
{n the sense of weak convergence, 100 Based vpon standard wesk convergence ‘iimiz thedroms Tor the prota-
bility moasures of the sample paths o approprios so-called D -spaces (4,131, the inscadigvity result can there-

foe be exdended to arbitrary worvice distributicns,
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3. Conditions,..

- P w0 be noticed that e routing prodehlities po (e possible chunges of o0 Lot and the bk
g functions: ALLYy topether with the blocking prowcol will oxclude wm:m e configurations which we
deseribed mﬁm Let ® be a set of all reachable configurations ¥ = (Ay..) with a given stutieg
configutation éa’“ . §*‘?§ o ne s Ay @0 exponcntial service trwes with wnit mean at any quese for any job. We
assue 3‘ m t:a:/ m«:ﬁm&iﬂ ngi‘m thus paper, we will festndt sur atienton w confipuravions within R We
dofine a station xmﬁgﬁmm a, adomisaible o thers oxists 2 configuration m:hm & wyh &, reusoed © saton

£, We are now sy 1o prosent ger condiioes,

31, Partisl ﬁ»r;(%ib&t; ﬁwiim

The féﬁu‘ﬁ;; mwm frogn oo Sadion 1o another are bt 1o 2 partl reverubilny condition. Infoe.
mally, it mﬁ;uxm&: ms: m{;agv‘nm B¢ roversble wherever jobs can be rejecied, but 3 sliows prbstrary faed rostng
prohabilines wm,a wm a:mw be rejected. Moo preciscly, without loss of gmway‘, assume that there ¢xis

e g«@m@%‘i& mma«u o stislying the following alfc squatioas

kj « 5 AL pl UeatoNive Ty o}
g N 4 A
Then ammmaﬁz we mqw:m i}m following Partial Revergbilery Condition:

For iy satien £} ami Wpe ¢ such that for sone admissible configuration &, aod guene ¢ = gleady

Adg 1R <1 (7

iy dawe

A pEow N pl for aif $°2° with pEia0 or  plin0 &)

Noe gt the standard sevérssbility conditon 116] requires oquation (83 10 hald for any {1 87227 Whiks i
Lat Lt i i m‘gmw ooy foe o subset stisfyng squanon (7). Not also that our panial sevensibility condition,
o é’é@} m mw: ¥t o with rulng i Coouast 10 D guadasverabiliy 1161
The eoason lor mﬂuﬁmg this partinl rther than globud roversibiliy w&észm& i twolold:
g & wms_u@'m ;séagz%mmzy pradyse systees with s well g withoot béwli:mgﬁ fiven wathout blcking

the resulis %3% this paper are new as they invelve 2 service interdependence of garalied queses,

e New cunplos with Blockng but @ globul nonreveraible srucie can bo coversd, Blecking rowls i e

luerature cithis requue roversbility all over O setwerk {1203,06,190 o provile a penerad non-

severabdity rostiag coodition bt exclude for cxample First Come First Served station types 1111
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12, Blacking and Servive tnvariaoce Condition

I onder to present & geocral condition upoa the interdependent Blacking wnd seevicing ot ¢ panicolar si-
non we need o ntroduce some nowion. We will focws on 2 fxed station s, Por oa vector
B oo ntat o onT it al e a0 4 aT = n denoting that n jobs are proseat @t station 5 of which
at are of type £, ¢ = 12,7, Let F(7) be the corresponding vectos with the fiest 2™ ét:mmm vqual 1o 1y, the
fiest type sumber ¢ increasing order with #' > 0, the nexy 2 squal 10 &5, the second ;. with #* > €, o1
Conversely, for any given vector of job types (. L fay de 1L AU . L e be the vettor of coresponding
sunibers a° of obs of vpe ¢ 12, Fudwomore throughout for a given nomber & & sadon 5, lot
By, = fmt, o mBYY desste e conesponding queve sives mf ® queue ‘:;. %i,,,,.{ifg’s} and I

m, = mbe oo 2 mBY e g be the wial sumber 3t station 5.

tavariance Condition:

For any station 5, any admissible veoior 4, (ot gtation 53 and with T, ) the coregponding queue size

vector of size &, the product L e
; ‘«ii A, fgls Jad L Al pende)) ®
: 1t @, Gledd VAU eodiaded o ,
oot for @ pestiatations
.. i} & T@&) N (1)

This  ivariance  peoduest B8 dessted by PUED for a0 while wo  itroduce

FAR = Y for 5w}
fnformatly, this condition requires that it does not matter in which order the jobs of the various types
sirive f we consider ALY 7 ALY sx state dependent prival rate.
REMARKS.
5 Note that as we have required @, gl 23R > O for any g ¢ @,d A, the f*:mmm A, 4L must niess-
sarlly be positive for eeaching any admissible vector . We will have, hf:*«wmw &,,‘{,54} = 0 when e
acceptance of a next job would fead 0 o non-admissible swic veston, i

i (Decoupling), Clearly, the invarisnce condition is guaranteed by separately satisfying the invasiance of the

products

11 Afeid 17G: i) an
¥ K e g

=
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I1 %E@iﬁx}i&%f}s b x,swéx?; 43
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for all mﬁummg Uieadad © T{E) Although examples can be found for which (9) holds while (113
and {12} §’a§3, g qgrxdx;g:m (11 and {12) seera much more realistic as they decouple Mocking aad servie
g, Wa’wiii thereloee resnct our cxamples goven in section 5 o (113 and (120

15 {C«;x::gf;g ﬁiﬁ&iﬁg}: An unportant subclass of blocking sauslying the invarance condition {113 is obuaingd
by assuming at A, (1, ) depends upon 7, only by 4, the vector of quene Sizes mymy,... by

i H, o+ ef & B,

Ed
sk : 1
o Adglsad i) = ‘S; 6 ptherwise {41

where #, & ¢! denotes the vecion equal to i, wath onc ob more (4 signd or Tess ¢+ sign) i quene ¢ and

whare #1, is & set such g

By WA Mg € By ey #H, oo ef = 8, ffor all 43 {18

that s, Mocking asses only o prohibit departurcs from 8, where B, stisfies (34). Doe 0 1908 we et
such Miclong coordinate comver. b 19,15) s Blacking tpe B considersd for setworks which coasis of

poneatial service mes and sncdy Polsson

oy m{: savon. Adbuonaly these referonces allow 1
arriesl umes. Hige we éﬁxzw gueveing metwirks having moce than ane station with this tpe of Bodkng
| antd with someexponcatial service times and soo-Peisson arrival umoes,

The ?c?i%iz:,gzérm ng {14 Ji‘sz wnmediale a5 accessible states A, we mzcz;sﬁfi%y restricied w 8, so G b gene

it (11348 oquat 1o 1 fod any sccessible sate &, regardless of tie chosen permutation,

4. Product Form Solution
i this sevtion wy will denve the ingengitive prodect foem resulis, At daffestnd SWbGns, Quouss, Poslions,

i-types and residual service amounts teed o be specified, soee potioos] complonity is wnavideble. Lat

Vafi¥ ¥y Wyl
with
Vsl o dlbn] fr (sl M)
F i % 2 *MAFes 4 s st
where

L

Of % Wy thade o gt o b for (g 1L..Q0N

10 donote for eich saton ¢ and cach queue ¢ @t this station that m, o Jobs are present @l teis quese of which

the Job 4 posiion p hes & jobype masber £, and 8 radual number of exponential service phases #f.



Hurther, for a given st V i
Ve 541 0o ri~is4) o)

b the sate that differs feom ¥ in that the job at position p in queue ¢ 4t station s with 17, = (and#f, = ¢
fizs moved W position p* in gueut ¢ af staton 5* with f- = 7 and ¢y = r7. Here it i 10 be noted that
for & ob o 2 nor-Symmtlic geeoe the mumber of residual exponential sorvice phases is secessanly oqual 0 1.
Simdtorty, for & given vecrr K, = (.t L n%, - L afu La

Bie
donate the vootoe that il from £ tnoong job more {+ dgm or Rsg §- gigad from z}w £, F"mzs!%«:, feeall that
i 21 1% the quens fumber Tor a job type ¢ ot sation ¢ end that § denotes he wt aé“zaﬁ s;mmmﬁ GBS,

Now we are ready wopresent the two main theoremis of this paper. The fiest theorem iy the kz:y theorem
which containg more detiled information than needed. The scoond thoorem s & more practical consogucnce of
therrem 1 oand shows the ssensitvily propenty, Now lot us assume that there oxists a unioue utionury distniby-

o 1103 for the ¥ process restricted 1o an irreducible sot £

Theorem L With € axa worralizadon comstant and 7,00 defined by (97 we have

T 4 -, '
1 o™ «I]'T {w«««} "’} { 11 f’f X }}- {15
Fod ¢ & pud

P —

i X
¥ = ¢ 1 2,6
Fud

Before presenting e proof, Tot ux give 3 direct consegacnce of thig theorem, Now I

N oo B BB
where

# ool el ..ah
o dene Tt oy fobs of type ¢ are present ot station & for 3l possible ¢ and &, By standned cateulis or Trom
senewal thoory notice shat for aay &, 1 2 A

e

X Riiry = 1 ' (16}
Therclore by swmming over all possible sumbers r » i, of residunl esponentiad phases for any po g

and By dircgarding the specification of positions g Jor the jobs individually, we can conclede the fullowing

wain reeull from theorens b B shows th the sieady siate oint quoue sive veclor has 'z ;émﬁz{“s. forrs and 18

nwnsitive for symmeinic quoues,

Theorem 2. With € a5 o normalization constanl, the steady state disuibution for sdmissible stes i given by

o 44 s { 4,;‘& "4‘3
@ = ¢ T1 Py { [1 65 { I1 ¢ 5! i f‘f:ff’; {7
J .

e i) i s “m Jeietata 51
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{n the following we present the proof of theorem 1.

Froof,

By vinoe of the Markovian strecture of the ¥ process & is w0 verily the global talance (o

cquitibrives) cquaim& These roquite that the otal rate {oc probability flow) out of uny siste due 1o a change a1

any of the queuss g = 1,000 for x = L., is cqual 1o the rate into that swte dec 10 a change at any of
these queues, However, this in tum is guaranweed if for coch quene ¢ 8 {1,000 wd forg « LN wdividu-

ally, we can csablish 9.

?‘gc rate out of any tate due W a change @t gucwe § - ® {18
The rate 1m0 thar e due 10 4 change 8 gucue ¢

{1 the Tollowing we will venly (18) for non-symmetele a0d symmetic quenes, respectively, In pasticular,
for symmenic queucs we will cven cstablish (18 by

The rate owt of any state due 1o & change of poplion p &t quewe § = {193
Cor oo The rote imto thet anie due to ¢ change ol pasition p Gl gucus ¢

Now consider o fixed state V and siation s & {1

i Nesswmemerric Quene. Consider & fsed quow ¢ € 11 Q00 and for convemiende kit

Hpi=i, o peloa,

The rute out of sute ¥ duc 10 3 change 3t queue ¢ 1 given by
V) S0t ¥ sy, [ X T & @0
#

The rote faio this state due 10 change a1 ¢ woqual 0

z ‘g 3 i‘i‘{}* QG ety - gl vep Y - 21
S EvE ¥
. { fi&“{ﬁ{sﬁff} &, ““é::} Toatens R 4 ey Vs f’l*’gﬂg C B ol - Adgls VA, - ﬁi@ﬁ%
" J
5:,: s nff e%sa:;«:fﬁnzsizzmis.@z@f;ﬁfw&}j Hox °
R :

L oy

¢ ; I3 5 :
- @igleain) Voalp'®) i S A EEE N O LA '&,gw%m?}

B—

|

whisre
R for "4 % L3

¥l
Now first recall that
A, <% > 0

for any sdinistible &, and ¢ as we have assemed D, (g5 4)73 >0
#3458 ed <
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provided o, > O,

Strnilarly
O g1V, 4 ¢) >0

for any admissible . + gl
As @ result, by substituting {15 and using the invariance of the peoduct (17) for exprossion (18} we cone

clude that for sny admissible state ¢ and  admissable state

S —

Vs [ {;*,;a',a;;-«fs,ﬁ{;{;y},pg},] with 1" 5.

W

' 'i‘%[ﬁ;~i~ix'.qffx*“ﬁ}{:'pﬁi}w%ﬁi{t{pfw.ﬁ? % i {22

Adets's) | 7 ]f @, (g (s )15 }

i { ; v
LAdgGa) L&, - 69| gl aF-+ef)

A ol i 3
: [ } {i‘ {q{stg n} S T - A BA+ gj R 1 [{}' ("2 t}é} ,_?éi“§m} -
b

A . Beaviar
where
; g 1 fr qed ;
1Agy = i{g for q % % (2%
Furthcrmore also by {151 1 15 valid that
{e " < ;
0V = isqlupdp’h)- {Mw{p}&da} = [V} 24}
U
By sabstutiog {223 and {24% mto {21 and suing
S T o=3 N1
# 2"
s in {1y and recalling
Vio® Pegeyy fOr G50 6 S
we con then rewrie {217 as
iV - o5 - n, - L SpE) - 2%
*

£

I 3 24 53 £ G
{3 § o P - adawrivi] -
x e

P4 2 AfataVR) - v a REM
+ 5 o {%«émm%%}
&g’ &

&
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Mating thy ey ) 5 i
Moting that 3 eI e 26
¥y ;x“

and by virue of (43 we thus obuin for (20
MP) 9,05 1, L8000 (27)
#*
g f O SO e et .
;;;g; ¥ 1§ﬁ Ao pls? - ”‘t‘%‘?(ﬁ F Jzﬁ/} + ‘% CRJE pIEA Y e Adgla YR, Jlji
Now the partial reversibility coaditions (7 aod §) need 1 be teken 10 secount. Wien

A HEy » 8 for all 28"
with 22 » Der plid® 5 0, B seoond torm within the bracket of (27) i cqual 1o U and the cqualny of 200
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REMARKS
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