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Abstract—In diffusion-based molecular communications, mes-
sages can be conveyed via the variation in the concentration of
molecules in the medium. In this paper, we intend to analyze
the achievable capacity in transmission of information from one
node to another in a diffusion channel. We observe that because
of the molecular diffusion in the medium, the channel possesses
memory. We then model the memory of the channel by a two-step
Markov chain and obtain the equations describing the capacity
of the diffusion channel. By performing a numerical analysis, we
obtain the maximum achievable rate for different levels of the
transmitter power, i.e., the molecule production rate.

I. INTRODUCTION

Our interest to study capacity of molecular diffusion chan-
nels is twofold. First, there has been numerous evidence of the
existence of different forms of communication in nature. Com-
munication enables single cells to process sensory information
about their environment (in a way similar to neural networks)
and evaluate and react to chemical stimuli. At the microor-
ganism scale, molecular signals are used for communication
and control among cells. For example, one of the well-known
communication primitives among cells is the phenomenon
called Quorum Sensing. Quorum sensing is a cell-to-cell
communication process in which bacteria use the production
and detection of molecules to monitor the population density
of the bacteria. Quorum sensing allows bacteria to synchronize
the behavior of the group, and thus act as a unit [1]-[4].
The communication can also appear in other forms such as
calcium signaling. Cells absorb calcium molecules in response
to various stimuli that open/close particular channels on the
cell membrane. The molecular information in the variation of
the calcium ions concentration is propagated both inside and
outside the cell, causing a variation in the electrical charge of
the cell membrane and, subsequently, the transduction of the
information into an electrical signal. Due to various limitations
such as size (size of a single cell or microorganism) and energy
in small scales, the dominant form of communication in such
scales is via molecular signals, which is fundamentally differ-
ent from conventional electromagnetic-based communication.

Secondly, recent advances in bio-nano technology has mo-
tivated research on designing nanoscale devices to perform
tasks similar to their biological counterparts [5]. There is a
large number of applications that nano-devices could apply
to. One may envision molecular based networks built using
these nanoscale devices that can be deployed over or inside
the human body to monitor glucose, sodium, and cholesterol
levels, to detect the presence of different infectious agents, or
to identify specific types of cancer. Such networks will also

enable new smart drug administrative systems to release spe-
cific drugs inside the body with great accuracy and in a timely
manner. To enable all such applications, the communication
among nano-devices is the key.

The above promising outlook has inspired development
of new theoretical frameworks for molecular communication
such as [6], [7]. These studies by Eckford, et. al. mostly
focused on molecular communication, with information con-
veyed by the time of the release of molecules while the prop-
agation between the transmitter and the receiver is governed
by Brownian motion (without drift [8] and with drift [7],
[9]). An alternative molecular communication system is the
one governed by diffusion process in the medium, called
diffusion channel. Arguably, the most dominating form of
the communication at the micrometer scale is diffusion based
molecular communication, i.e., embedding the information in
the alteration of the concentration of the molecules and rely
on diffusion to transfer the information to the destination. The
communication among bacteria, calcium signaling, pathogen
localization functionality of the immune system and many
others can be reduced to diffusion based molecular communi-
cation. Another body of work in this field involves the study
of the Quorum Sensing as a network and mapping the Quorum
Sensing to consensus problem under diffusion-based molecular
communication [10].

In this work, we study the diffusion channel. We consider
a communication scenario consisted of a transmitter and a
receiver communicating via the diffusion channel, as shown
in Fig. 1. In this context, we can think of the transmitter as
a nano-device or a bio-engineered cell capable of emitting
molecules and releasing them into the medium to change
their concentration according to information bits. Similarly,
the receiver is capable of absorbing the molecules or chemical
signals, for example, by using ligand-receptor binding which
is a transmembrane receptor protein on a receiving cell [11],
[12]. This ligand-receptor interaction creates peculiarities such
as non-Gaussian noise. The receiver has a large number of
binding places using which it can estimate the concentration
by averaging over all binding places. The diffusion process
has a profound impact on transmission of information that
makes the diffusion channel very different from the classical
models developed for electromagnetic-based communication.
The molecules that are produced by the transmitter stay
in the medium and affect the later transmissions. Our goal
is to compute the maximum achievable rate of information
exchange (hereafter referred to as capacity) in such a diffusion
based molecular communication channel. Analogous to the
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Fig. 1. Scheme of the model for molecular communication

early studies of communication systems, we avoid some of
the peculiarities of the system in our first step and we focus
on studying the simpler and more practical discrete noiseless
systems. According to Shannon, in a discrete communication
system, a sequence of choices from a finite set of elementary
symbols S can be transmitted from transmitter T to receiver R.
Each symbol s; is assumed to have duration T,. As it it will
be discussed later, it is important to notice that the symbols
have different durations imposed by the diffusion process.

Therefore, to compute the capacity, we first characterize,
the duration of each symbol by a careful study of diffusion.

In Sec. II we review some results about diffusion process. In
Sec. III we introduce the communication model and investigate
the problem under study in more detail. Our main results are
discussed in Sec. IV.

II. BACKGROUND

The first step is to characterize the temporal and spatial
variations of molecules in the channel which follows the
general diffusion equations. According to Fick’s second law
of diffusion the concentration of molecules c¢(z,t) at position
z at time t is computed using the molecule production rate
r(x,t), as follows:

Oc(x,t)

ot
Here, x is the distance of any point in the environment from the
source and D is the diffusion coefficient of the medium. The
impulse response of (1), corresponding to r(x,t) = §(x)d(t),
is the Green’s function g4(x, t) whose expression is as follows:

1 |z

inDt &P (_4Dt) : @
This impulse response is given for the 2-D medium but
can be extended to a general 3-dimensional case, using the
observation that n-dimensional diffusion is equivalent to n
separate (simultaneous) 1-D diffusions. Since the diffusion
equation is a linear equation, the solution to (1) for an
arbitrary input r(x,t), denoted by c*(z,t), can be obtained
using

= DV?¢(x,t) + r(z,t), (1)

gd(.’lf, t) =

c*(:c,t) :gd(x,t)®r(9c,t), (3)

where ® denotes a multi-dimensional convolution operation
on z and t.

In our setup, we assume that there is only one transmitter
emitting molecules. Therefore, in (3), we have r(z,t) =
F(t)d(x), where F(t) is the input signal. Hence, we will have

. e 1 x?
c*(x,t) = /0 F(T)m exp (4D(t—7')) dr.
“)

This response is valid for open free media in which the
only boundary conditions are at the transmitter. Note that in
this model, we do not consider the delay due to the travel
time of molecules between the transmitter and the receiver.
That is we assume molecules reach the receivers instantly.
This assumption, however, does not affect our analysis of the
capacity because it only shifts the time that molecules are
arrived at the receiver.

ITII. MODEL

We consider the case of a single transmitter and a single
receiver in a 2-D environment. This model can be extended
to a network of transmitters and receivers in which each
transmitter intends to communicate with a specific receiver
when interference among these communications is negligible.
We consider a discrete-time model for the communication in
which an arbitrary string of binary information is given to the
transmitter. This string is to be conveyed to the receiver at
distance r from the transmitter.

The transmitter encodes the information bits into the proper
concentration of molecules and releases them for some specific
durations, discussed later. These molecules diffuse in the
medium. The receiver compares the concentration of received
molecules with a specific threshold and decides whether the
concentration in the environment is low or high. This threshold
depends on the characteristics of the environment. It can nei-
ther be arbitrarily small because of the noise and interference
in the environment nor be arbitrarily large because of the
limited capability of the transmitter for molecule production.
In the latter case, either the concentration may not reach the
threshold or it would take a long time.

The main difference here with a typical paradigm of com-
munication is the memory which essentially exists in the diffu-
sion channel and influences the communication dramatically.
The concentration of molecules cannot change momentarily
and unlike the typical binary symmetric channel, previously
sent symbols affect the new ones. For example, suppose the
concentration of molecules in the channel is in the high state
and the transmitter intends to send “0” through the channel.
However, molecules from the previous state still exist in the
environment and cannot be removed suddenly. Hence, the
transmitter has to wait a specific amount of time to send the
new bit. Note that we do not assume existence of negative rates
because it is unrealistic to assume as such for the molecular
communication. We also do not consider any noise to simplify
the study.

Based on the previous discussion, we observe that each bit
depends only on the last bit that was transmitted and it is
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Fig. 2.

Two states of the channel and possible inputs in each state.

independent of the other previously transmitted bits. Therefore,
a Markov chain can be used to model the communication in
the diffusion channel. In such a model, the state of the channel
is set by the last transmitted bit: the channel state is “H” if the
last transmitted bit was “1”, and it is “L” otherwise. Hence,
there are two states in the channel, as shown in Fig. 2. In the
low state, we can either stay in this state by sending “0” or
go to high state by sending “1”. In the high state, however,
for sending the bit “1” again, it is not efficient to wait for the
channel to reset to “L” state. Instead, the transmitter can send
“1” which is shorter in time duration and needs less molecules
or equivalently less energy. To send “0” when channel is
at state “H”, it suffices that the transmitter waits a specific
amount of time such that the channel clears itself from the
molecules; returning to “L” state.

The above discussion implies that depending on the channel
state, duration of bit “0” is different. Likewise, the duration for
which the transmitter emits molecules for bit “1” depends on
the channel state. Therefore, effectively, we can think of four
different symbols sent by the transmitter, namely, so =“007,

=“01", s9 =“10°", and s3 =“11°". The first bit in each
symbol indicates the previous bit which was already sent (and
hence the channel state), and the second bit is the one to
be transmitted next. Assuming a binary symmetric source,
all these four symbols are equiprobable. However, a different
transmission time is associated with each, as we explained.

Since our model involves symbols with various time dura-
tion, we adapt the method by Shannon in [13] to compute the
capacity of a discrete noiseless channel as

C— piy 08 N(T) 5

o Tgnoo T ’ ( )

where N(T) is the number of allowed blocks of duration 7.

Let Ti(js) be the duration of s-th symbol which is allowable in

state 7 and leads to state j. Then N, (T'), the number of blocks
of length T" ending in state j is given by

ZNT 7). (6)

The asymptotic solution for these difference equations
would be in the form N; = A;W7T where A; is a con-
stant [13]. By substituting this form in (6), the possible number
of blocks would be equal to > y A;WT where W can be
found by solving the equation (7) below. We define a matrix

= [Zw

— 0;5]; W is the largest real root of the

determinant equation |M| = 0, i.e.,

T _

M| = =0. (7)

Here, 6;; = 1 if i =
following (5),

j and is zero otherwise. Hence,
the channel capacity C' is obtained as

log (Zj AjWT>

¢ = T
T o A
—  lim (logw e, j)
T— 00 T T
= logW.

Rewriting (7) for the diffusion channel described above results
n W—Too _ 1 W —"To1
W —To w-Tun _1q

Here, T where s € {00,01,10,11} is the duration of the
symbols. This leads to

=0. (8)

w—Tor+Tio) 4 ypy—Too 4 =T _ jp7—(Too+T11) — 1 )

By solving (9) with respect to T for s € 00,01, 10,11, we
obtain the capacity of the channel in bits per second. In the
next section, we use the diffusion channel property to solve
for T.

IV. MAIN RESULTS

Consider the scenario in which for symbol s, the transmitter
sends a pulse-shaped rate of molecules with amplitude F to
the receiver for duration 7. It is clear that Fy is zero for
symbols s; = 00 and so = 10 because the transmitter does
not need to emit any molecules. Instead, it must wait specific
amounts of time. We assume Fjy; (for s1) to be equal to F', the
maximum rate that the transmitter can produce. For s3 = 11,
there is no need for the transmitter to send as many molecules
as for s;. Hence, we assume Fj; = oF'. Thus a fraction o of
the maximum rate is allocated to s3. We denote by c4(r,t)
the response at the receiver, i.e. = r, at time ¢ due to
transmission of symbol s. Using (4), we have

T 1 x2
ci(rt) = /0 FS(T)m exp <_4D(t—7)> dr.
(10)

The diffusion equations of the channel do not set any limits
on Tyo. It depends on the receiver sensitivity, the distance
r between the transmitter and receiver and the diffusion
coefficient D. Specifically, Tpo can be considered as the time
sensitivity that the receiver can sense the medium. Hence, T
is the fundamental time. The other T for s € {01, 10,11} can
be considered as a multiple of 7. Based on the Markov chain
model, we derive the equations for T for s € {01,10,11}
corresponding to different symbols.

Assume channel is in the low state. The transmitter may
send bit “0”, i.e sg = 00, or change the channel state to high,
i.e. s7 = 01. In the former case, the transmitter must wait
for an interval of Tjp but in the latter, it must emit molecules

725



into the channel. Hence, for the s; = 01, we will have (for
0<t<Tun)

c*(r,t) = cor(r, t). 11

On the other hand, when the channel is in the high state,
we have to take into the account the effect of the existing
molecules in the channel, i.e. the memory of the channel. We
can replace the molecules in the channel by the source that
produces this concentration before the transmission of the next
symbol and is zero afterwards. Based on our model, we can
capture the memory of the channel by incorporating the effect
of the symbol s; on the next symbol. In the case that the
transmitter wants to send “0” afterwards, i.e. so = 10, it must
wait for the channel to become low. Hence, we have (for 0 <
t < Tio)

c*(r,t) = cor(ry,t + Tor) + cro(ryt) = cor(ryt + Tp1). (12)

where the first term corresponds to the effect of the memory.
The second term cyo(r, t) is equal to zero which implies that
the transmitter does not need to send any molecules but has
to wait an appropriate amount of time. Finally in the case that
the transmitter wants to send “1” again, i.e. s3 = 11, we have
(for 0 <t <Th1)

C*(’I"7 t) = COl(T,t+T01) —|—(311(1"7 t) (13)

Here the first term in (13) corresponds to the effect of the
channel memory and the second term is due to the emission
of molecules for this symbol.

In the absence of noise, any intended concentration can
reach the receiver without any interference from the medium.
Therefore, the only limiting factor for capacity is the memory
of the channel imposed by diffusion transmission. Let .S denote
the concentration sensitivity of the receiver. This implies
that the receiver cannot differentiate between the levels of
concentration that differ by less than S. We map the low
concentration on S and high concentration on 2S. We want
the concentration at the receiver to be equal to one of these
values at the end of each interval, i.e. ¢ = T§. Using (11), (12),
and (13), we have

001(7’, TOl) = 25,
co1(r, Tor + Tho) = S,
co1(r, Tor + T11) + c11(r, Th1) = 25

(14)

Note that in these equations the time delay between the
transmitter and the receiver is not considered. We can write the
solution for (14) based on the function Ei(x) defined as [14]

Ei(x) = /OO xp(=y) g, (15)
v y
Then expressions in (14) can be written as
Ei J%) = 8125,
Ei  priormy ) — B (afs ) = 5, (16)
Bi (spriormn ) — (- )i (o, ) = P8
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Fig. 4. Impulse Response of the Diffusion Channel.

Since finding closed form formula for (16) is not possible,
in the following we solve for (16) numerically to obtain Tj;,
T10, and T3, in terms of F. The parameter F' indicates the
maximum power used by the transmitter which controls the
capacity. We solve (16) based on the normalized parameter
F= ﬁ and obtain T for s € {01, 10,11} as multiples of

%. As discussed before, Ty depends on r and D. Therefore,
kR?

we may assume Tpp = “5- where k is a constant. We
arbitrarily choose k& = 1, although our analysis holds for any
other values of k.

It can be shown that 774 is smaller, by orders of magnitude,
than both Tp; and Tig. Intuitively, this is due to the fact
that producing a high state needs much more molecules than
maintaining it. Further, as indicated in the following, 7jy; and
Ty are in the same order of magnitude for typical values of
F'. Hence, for simplicity, we assume 777 to be equal to Tyo,
and perform our numerical analysis only on 7 and T7g. The
numerical results for Tm = % and Tm = %g are shown in
Fig. 3(a) and 3(b) respectively.

Fig. 3 shows the plots of transition time versus the normal-
ized maximum rate of the molecule production F. We observe
that the transition time from low to high Ty is monotonically
decreasing with respect to F, and approaches to infinity when
F is close to zero. In Fig. 3(b), the normalized transition time
from high to low state Tyo is presented. It has a minimum
around F' = 2. This behavior can be explained by the diffusion
equation as following. Using (2), the impulse response of
the diffusion channel is shown in Fig. 4. As we see in this
plot, the impulse response increases to a maximum and then
falls lower. To obtain the response to the transmitter, a pulsed
shape signal in time has to be convolved with the impulse
response. When we increase the F (or equivalently decrease
Tm), at some point the threshold 25 is reached before the
maximum of impulse response. Since the tail of the impulse
response decreases slowly, in order to send the symbol “107,
the transmitter has to wait until the pulse is slided to the right
side of the maximum. When F' is smaller and Ty is larger,
we will not face this problem. Therefore, using Fig. 3(b), we
conclude that increasing the rate of production F does not
always result in smaller Tyo. Although larger F results in
smaller T(n, it makes Tm to grow larger, and hence has a
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negative effect on the capacity. Hence, the optimum value for
the production rate can be found by trade-off between Ty1 and
T1o.

Using (9) and the assumption that 71 = Tj, the capacity
of the channel can then be obtained by solving for W in the
following equations.

WTerTlo _ QWTerTm*l + WT01+T10*2 =1, (17)
and using it in C' = log W. The capacity, log W, is in “bits
per an interval of Tp,”. We note that maximum capacity
is achieved when Th; + Tio is minimized. The plot of the
resulting capacity is shown in Fig. 5 with respect to F. As
shown in the figure, the maximum capacity is approximately
0.5 (bit/Tpp) which is achieved when choosing F=309 (units)
and corresponds to the minimum value of Tm + Tlo which
is approximately 7 (time units). The left tail of the graph
converges to zero which corresponds to the no production
rate. The right tail of the graph converges to zero as well
but at a slower pace. In this case, symbols “00”, “11”, and
“01” can be transmitted assuming the channel is in the proper
state. However, since Tm becomes very large, the transition
between the channel states takes a long time, leading to zero
capacity. V. CONCLUSION

In this paper, we used the discrete noiseless channel model
to obtain the capacity of the diffusion channel. The inherent

Duration of time needed for transition from a) low to high, and b) high to low versus maximum rate of production.

memory in the diffusion channel distinguishes it from typical
wireless channels, making the capacity analysis more challeng-
ing. For a binary input, we considered four different symbols
to take into account the effect of the channel state on the
next transmitted bit. With a numerical analysis, we showed
that beyond a threshold, increasing the level of power has a
negative effect on the capacity, which was explained by the
physical characteristics of the diffusion channel.

REFERENCES

[1] B. L. Bassler, “How bacteria talk to each other: regulation of gene
expression by quorum sensing.” Curr Opin Microbiol, vol. 2, no. 6,
pp. 582-587, Dec 1999.

[2] ——, “Small talk. cell-to-cell communication in bacteria.” Cell, vol.
109, no. 4, pp. 421-424, May 2002.

[3] B. K. Hammer and B. L. Bassler, “Quorum sensing controls biofilm
formation in vibrio cholerae.” Mol Microbiol, vol. 50, no. 1, pp. 101-
104, Oct 2003.

[4] P. Mehta, S. Goyal, T. Long, B. L. Bassler, and N. S. Wingreen,
“Information processing and signal integration in bacterial quorum
sensing.” Mol Syst Biol, vol. 5, p. 325, 2009. [Online]. Available:
http://dx.doi.org/10.1038/msb.2009.79

[5] I. Akyildiz and J. M. Jornet, “Nano communication networks,”
NanoComNet, vol. 1, pp. 3-19, 2010.

[6] K. V. Srinivas, R. S. Adve, and A. W. Eckford, “Molecular commu-
nication in fluid media: The additive inverse gaussian noise channel,”
arXiv:1012.0081v2.

[71 A. W. E. Sachin Kadloor, Raviraj S. Adve, “Molecular communication
using brownian motion with drift,” arXiv:1006.3959v1.

[8] A. W. Eckford, “Molecular communication: Physically realistic models
and achievable information rates,” arXiv:0812.1554v]1.

[9] S. Kadloor and R. S. Adve, “Development of a framework to study

a molecular communication system,” in I/8th International Conf. on

Computer Comm. and Networks, 2009.

A. Einolghozati, M. Sardari, A. Beirami, and F. Fekri, “Consensus

problem under diffusion-based molecular communication,” in 45th In-

ternational Conf. on Information Science and Systems, 2011.

A. Keramidas, A. J. Moorhouse, P. R. Schofield, and P. H. Barry,

“Ligand-gated ion channels: mechanisms underlying ion selectivity,”

Progress in Biophysics and Molecular Biology, vol. 86, no. 2, pp. 161

— 204, 2004.

M. A. Model and G. M. Omann, “Ligand-receptor interaction rates in

the presence of convective mass transport,” Biophysical Journal, vol. 69,

no. 5, pp. 1712-1720, 1995.

C. E. Shannon, “A mathematical theory of communication,” Bell System

Technical Journal, vol. 27, pp. 379-423, 1948.

A. Milton and I. Stegun, Handbook of Mathematical Functions with

Formulas, Graphs, and Mathematical Tables. New York: Dover, 1964.

[10]

(11]

[12]

[13]

[14]

727



